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Abstract. We prove certain general forms of functional relations among Witten mul- 
tiple zeta- functions in several variables (or zeta- functions of root systems). The struc- 
tural background of those functional relations is given by the symmetry with respect 
to Weyl groups. From those relations we can deduce explicit expressions of values of 
Witten zeta-functions at positive even integers, which is written in terms of generalized 
Bernoulli numbers of root systems. Furthermore we introduce generating functions of 
those Bernoulli numbers of root systems, by which we can give an algorithm of calculating 
Bernoulli numbers of root systems. 



1. Introduction 

Let be a complex semisimple Lie algebra with rank r. The Witten zeta-function 
associated with g is defined by 

(LI) Cw^(5;0)= J;(dimvp)-^ 

where the summation runs over all finite dimensional irreducible representations 93 of g. 

Let N be the set of positive integers, No = NU {0}, Z the ring of rational integers, Q the 
rational number field, M the real number field, C the complex number field, respectively. 
Witten's motivation [35] of introducing the above zeta-function is to express the volumes 
of certain moduli spaces in terms of special values of This expression is called 

Witten's volume formula, which especially implies that 

(1.2) Cw'(2A:;0) =CH/(2A:,0)7r2'=" 

for any /c G N, where n is the number of all positive roots and Cvi/(2/c, fl) G Q (Witten [35], 
Zagier [36]). 

When g = 5 [(2), the corresponding Witten zeta-function is nothing but the Riemann 
zeta-function C,{s). It is classically known that 

(1-3) m) = —L^^B^k {k G N), 



where i?2fc is the 2k-th. Bernoulli number. Formula (II. 2p is a generalization of (II. 3p . but 
the values Cvi/(2A;,g) are not explicitly determined in the work of Witten and of Zagier. 
In the present paper we introduce a root-system theoretic generalization of Bernoulli 
numbers and periodic Bernoulli functions, and express Ciy(2/c,g) explicitly in terms of 
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those generalized Bernoulli periodic functions P(k, y;A) (defined in Section Hj). This 
result will be given in Theorem 14.61 Note that Szenes [28,29] also studied generalizations 
of Bernoulli polynomials from the viewpoint of the theory of arrangement of hyperplanes, 
which include P(k,y; A) mentioned above. However, our root-system theoretic approach 
enables us to show that our P(k,y;A) and its generating function F{]<.,y;A) are quite 
natural extensions of the classical ones (see Theorems proved in Section . 

Our explicit expression of Ci4/(2A;, g) is obtained as special cases of a general form of 
functional relations, which is another main result of the present paper. To explain this, 
we first introduce the multi-variable version of Witten zeta-functions. 

Let A be the set of all roots of g, A_|_ the set of all positive roots of g, ^ = {ai, . . . , a^} 
the fundamental system of A, aj the coroot associated with Oj (1 < j < r). Let Ai, . . . , 
be the fundamental weights satisfying {a^,Xj) = \j{a^) = 6ij (Kronecker's delta). A 
more explicit form of Cw{s; g) can be written down in terms of roots and weights by using 
Weyl's dimension formula (see (1.4) of [12]). Inspired by that form, we introduced in [12] 
the multi-variable version of Witten zeta-function 

OD OO 

(1.4) Cr(s;g)= Yl n ("''^"^lAi + + A,) 

mi=l mr=l a£A+ 

where s = {sa)aeA+ S C". In the case that g is of type Xr, we call (|1.4|) the zeta-function of 
the root system of type Xr, and also denote it by Cr(s; Xr), where X = A,B, C, D, E, F, G. 
Note that from (1.5) and (1.7) in [12], we have 

(1.5) Cw{s;q) = K{Q)\r{s,...,s-Q), 
where 

(1.6) K{q) = J] (a\Ai + --- + A,). 

aGA+ 

More generally, in [12], we introduced multiple zeta-functions associated with sets of roots. 
The main body of [12] is devoted to the study of recursive structures in the family of those 
zeta-functions, which can be described in terms of Dynkin diagrams of underlying root 
systems. 

Now we discuss what are functional relations. 

The Euler-Zagier r-fold sum is defined by the multiple series 

oo oo 

(1.7) Cr(si,...,s^) = ^ ••• ^ m^"i(mi + m2)~"2x 

mi=l mr=l 

X • • • X (m-i -I- • • • -I- mr)"^"". 

The harmonic product formula 

(L8) C(S1)C(S2) = C(S1 + S2) + C2(S1, S2) + C2(S2, Si) 

due to L. Euler (where C,{s) denotes the Riemann zeta-function), and its r-ple analogue, are 
classically known (cf. Bradley [3]). However, no other functional relations among multiple 
zeta-functions has been discovered for a long time. 
Let 

oo oo 

(1.9) Cmt,2{si,S2,s^) = Y 5^m-^in-^-(m + n)-^^ 

m=l n=l 
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This series is called Tornheim's harmonic double sum or the Mordell-Tornheim double 
zeta-function, after the work of Tornheim [30] and Mordell [24] in 1950s. But it is to be 
noted that this sum actually coincides with the Witten zeta-function (II. 4|) for g = s[(3), 
that is, the simple Lie algebra of type A2- Recently the third-named author [33] proved 
that there are certain functional relations among CMT,2isi, S2, S3) = C2isi, S2, S3] A2) and 
the Riemann zeta-function. Moreover he obtained the same type of functional relations 
for various relatives of Cmt,2{si, S2, S3) (see [31,32]). The method in these papers can be 
called the "ti-method", because an auxiliary parameter u > 1 was introduced to ensure 
the absolute convergence in the argument. 

In [21], by the same "n- method", the second and the third-named authors proved certain 
functional relations among Csi^i ^s); C2(s; A2) and the Riemann zeta-function. The papers 
[19,20,22,23] are also devoted to the study of some new functional relations for certain 
(mainly) double and triple zeta-functions and their relatives. 

The above papers give many examples of functional relations. Therefore, now, it is 
time appropriate to investigate whether there is some structural reason underlying those 
functional relations, or not. The first hint on this question was supplied by Nakamura's 
paper [25], in which he presented a new simple proof of the result of the third-named 
author [33]. (Nakamura's method has then been applied in [19,20].) 

It can be observed from Nakamura's proof that the functional relations proved in [25,33] 
are connected with the symmetricity with respect to the symmetric group S3, which is 
the Weyl group associated with the Lie algebra of type ^2- This suggests the possibility 
of formulating general functional relations in terms of Weyl groups of Lie algebras. 

One of the main purposes of the present paper is to show that such general forms of 
functional relations can indeed be proved. In Section [21 we prepare some notation and 
preliminary results about root systems, Weyl groups and convex polytopes, which play 
essential roles in the study of the structural background of functional relations. We will 
give general forms of functional relations in Sections [3] and HI The most general form 
of functional relations is Theorem 13.11 which is specialized to the case of "Weyl group 
symmetric" linear combinations S'(s,y;/; A) (defined by (14. 6p ) of zeta-functions of root 
systems with exponential factors in Theorem 14.31 and Theorem 14.41 A naive form of 
Theorem 14.41 has been announced in Section [3] of [9], but we consider the generalized form 
with exponential factors because this form can be applied to evaluations of L-functions of 
root systems (see [14] for the details.) 

The theorems mentioned above give expressions of linear combinations of zeta-functions 
in terms of certain multiple integrals involving Lerch zeta-functions. Since the values of 
Lerch zeta-functions at positive integers (> 2) can be written as Bernoulli polynomials, 
we can show more explicit forms of those multiple integrals in some special cases. We will 
carry out this procedure by using generating functions (Theorem 13. 5p . 

In particular, we find that the value S'(s,y; A) = S'(s,y;0;A) at s = k = (/cq), where 
all kaS are positive integers (> 2), is essentially a generalization P(k, y;A) of periodic 
Bernoulli functions. The generating function F(t,y; A) of P(k,y; A) will be evaluated in 
Theorem 14.51 Consequently, we can prove a generalization of Witten's volume formula 
([L2D (Theorem SSI) • 

In Section [5l we will show the Weyl group symmetry of S'(s,y;A), F(t,y;A) and 
P(k, y; A). For our purpose it is not sufficient to consider the usual Weyl group only, and 
hence we will introduce the extended affine Weyl group W, and will prove the symmetricity 
with respect to W (Theorems 15.11 [531 and [5^ . These results ensure that the existence of 
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functional relations is indeed based on the symmetry with respect to W. It is to be noted 
that Weyl groups already played a role in Zagier's sketch [36] of the proof of (II. 2p . 

In Section El we will prove that P(k, y; A) can be continued to polynomials in y (The- 
orem 16. 2p . This may be regarded as a (root-system theoretic) generalization of Bernoulli 
polynomials. Since P(k, y;A) is essentially the same as S'(k, y;A), this gives explicit 
relations among special values of zeta-functions of root systems. Moreover in the same 
theorem we will give the continuation of F{t,y; A). 

As examples, in Section [7] we will calculate P and F explicitly in the cases of Ai, A2, 
and C2{— -62)- In particular, from the explicit expansion of generating functions F, 
we will determine the value of CwC^, CwC^jA^) and Cvy(2,C2) in (|1.2p . The cases 
of Ciy(2,yl2), Cw{2,A3) are included in the results of Mordell [24], Subbarao et al. [26] 
and Gunnells-Sczech [4], while the determination of the value of Cvi/(2, C2) seems to be a 
new result. By the same method it is possible to obtain the explicit values of CwC^k, A2), 
CwC^k, A3), Cw{'^k,C2) for any k & N. More generally, we can deduce explicit value 
relations and special values of zeta-functions of any simple algebra g by the same argument, 
at least in principle, though the actual procedure will become quite complicated when the 
rank of Q becomes higher. We also provide an example of a functional relation in the A2 
case. 

Some parts of the contents of [12] and the present paper have been already announced 
briefly in [9-11]. 

2. Root systems, Weyl groups and convex polytopes 

In this preparatory section, we first fix notation and summarize basic facts about root 
systems and Weyl groups. See [2, 6-8] for the details. Let V be an r-dimensional real 
vector space equipped with an inner product (•,•). We denote the norm of u € 1^ by 
\\v\\ = {v,v)^/'^. The dual space V* is identified with V via the inner product of V. Let 
A be a finite reduced root system in V and ^ = {ai, . . . ,ar} its fundamental system. 
Let A+ and A_ be the set of all positive roots and negative roots respectively. Then we 
have a decomposition of the root system A = A+ ]J A_ . Let be the coroot lattice, 
P the weight lattice, P+ the set of integral dominant weights and P++ the set of integral 
strongly dominant weights respectively defined by 

r r r r 

(2.1) Q^ = ^Zal P = 0ZAi, P+ = 0NoA„ P++ = 0NA„ 

i=l i=l i=l i=l 

where the fundamental weights {XjYj^i are a basis dual to ^'^ satisfying {a(,\j) = 5ij. 
Let 

(2-2) p=^E" = E^^- 

a6A+ j=l 

be the lowest strongly dominant weight. Then P+-|_ = P+ + p. 
We define the reflection aa with respect to a root a G A as 

(2.3) aa '■ V ^ V, (7a ■ V ^ V — {a^ ,v)a 

and for a subset ^ C A, let H^(A) be the group generated by reflections cTq for a £ A. 
Let W = W{A) be the Weyl group. Then aj = (1 < j < r) generates W . Namely we 
have W = W{^). Any two fundamental systems ^' are conjugate under W . 
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We denote the fundamental domain called the fundamental Weyl chamber by 

(2.4) C = {v£V \ > 0}, 

where {^"^ ,v) means any of (a^, v) for G Then W acts on the set of Weyl chambers 
WC = {wC I w G W} simply transitively. Moreover if wx = y for x,y e C, then x = y 
holds. The stabilizer Wx of a point x E V is generated by the reflections which stabilize 
X. We see that P+ = P n C. 

Let Aut(A) be the subgroup of all the automorphisms Gh(V) which stabilizes A (see [6, 
§12.2]). Then the Weyl group W is a normal subgroup of Aut(A) and there exists a 
subgroup n C Aut(A) such that 

(2.5) Aut(A) = nKW. 

The subgroup CI is isomorphic to the group Aut(r) of automorphisms of the Dynkin 
diagram F. The group Aut(A) is called the extended Weyl group. For w G Aut(A), we 

set 

(2.6) A^ = A+ n u;~^A_ 

and the length function i{w) = \Ayi]\ (see [7, §1.6]). The subgroup Q is characterized as 
w e9.ii and only if ^(-u;) = 0. Note that wAyj = A_n-u;A+ = -A^-i and i{w) = i{w~^). 
For u eV, let r(u) be the translation by u, that is, 

(2.7) t{u):V^V, t{u):v^v + u. 
Since Aut(A) stabilizes the coroot lattice Q^, we can define 

(2.8) W = Aut(A) K r(Q'^). 

Then t? = (O x IT) k t(QV) ~ k {W x t(QV)). We cah W the extended affine Weyl 
group in this paper (see [2,8] for the details of affine Weyl groups). It should be noted 
that there are some other groups which are, in some references, called the extended affine 
Weyl group. 

Let y = y X R and (5 = (0, 1) G V. We embed V inV and we have V = V®R5. For 
7 = ?7 + c5 G V with ij £ V and c G M, we associate an affine linear functional on V as 
^{v) = {r],v) + c. Let be the affine coroot lattice defined by 

(2.9) g^=Q^©Z5 

(sec [8]). For a set X, let 5^(X) be the set of all functions f : X ^ C For a function 
/ G d{P), we define a subset 

(2.10) Hf = {XeP\ /(A) = 0} 

and for a subset A of ^{P), define Ha = IJjg^i?/. One sees that an action of W is 

induced on d{P) as {wf ){X) = f{w^^X). Note that V C V C diP), where the second 
inclusion is given by the associated functional mentioned above. 

Let / C {1, . . . , r} and '^j = {aj \ i e 1} C ^. Let Vj be the linear subspace spanned 
by ^j. Then A/ = A n V/ is a root system in Vj whose fundamental system is ^j. For 
the root system A/, we denote the corresponding coroot lattice (resp. weight lattice etc.) 
by Q^i = (resp. P/ = ©,g^ZA, etc.). We define 

(2.11) Ci = {veC\ {^).,v) = 0, {^),v) > 0}, 
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where I'^ is the complement of /. Then the dimension of the hnear span of C/ is |/| and 
we have a disjoint union 

(2.12) C= W Ci 

/C{l,...,r-} 

and the collection of all sets wCi for w ^ W and I C {1, . . . ,r} is called the Coxctcr 
complex (sec [7, §1.15]; it should be noted that we use a little different notation), which 
partitions V and we have a decomposition 

(2.13) P+= ]J 

/C{l,...,r} 

where 

(2.14) P7++ = P+ n Ci. 

In particular, P0++ = {0} and Pji^ ,,}++ = P++- 

The natural embedding i : Q'j induces the projection i* : P ^ Pj. Namely for 

A e P, '^*(A) is defined as a unique element of Pj satisfying {i{q),X) = {q,L*{X)) for all 
q G Q). Let 

(2.15) = {weW \ A)^c wAl}. 

Then we have the following key lemmas to functional relations among zeta-f unctions. Note 
that the statements hold trivially in the case 7 = and hence we deal with J 7^ in their 
proofs. 

Lemma 2.1. The subset coincides with the minimal (right) coset representatives 
{w £ W \ i{aiw) > £{w) for all i E 1} of the parabolic subgroup W{Ai) (see [7, %1.10]). 
Therefore \W^\ = (VF(A) : VF(A/)). 

Proof. Let w G . Then C wA^, which implies Aj^ n wA^_ = 0. In particular, 

of wA"i for i G /, which yields A^ n wA"i = {A\ \ {a{}) n wA"i. Therefore 

(2.16) <Ji{A\r\wAl) = <Ji{{A\\{at])nwAl) = (A^ \ {a^}) n a^u-A^ C A^n^TiU-A^ 

and i{aiw) > £{w). Since (.{uiw) = i{w) ± 1, we have £{aiw) = i{w) + 1 and is a minimal 
coset representative. 

Assume that w eW satisfies £{aiw) > i{w) for all i e I. Then we have 

(2.17) ai{Al n wAl) = ((A^ \ {a/}) n aiwA"^) U ({-a,} n aiwA"^) . 

Since \ai{Al n w;A^)| = e{w) and KA^ \ {a/}) ^ aiwAl\ > £{aiw) - 1 = £{w), we have 
\{—ai}r\aiwAY_ I = 0. It implies that no element of A^nwA^ is sent to A^ by ai for f G I, 
and hence ^) D i(;A^ = 0. Since (A^, and G wA'^ if and only if {a^,wp) < 0, 
we have {^'j,wp) > and hence {A)_^_,wp) > 0. It follows that A/^ n wAY. = and 
weW^. □ 

Lemma 2.2. 

(2.18) L*~\Pi+)=Pi+®Pic= (j wP+. 

wew^ 

Proof. The first equality is clear. Prove the second equality. 

Assume w G . Then for A G P+, we have {A'^^,wX) = {w-^A)_^,X) c (AY,A) > 0. 
Hence wP+ C i*"^(Pf+). 
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Conversely, assume A E i*~^{PI-^-). Since |A^| < oo, it is possible to fix a sufficiently 
small constant c > such that < |(A^,cp)| < 1. Then we see that A + cp is regular 
(see [6, §10.1]), i.e., (A^, A + cp) and the signs of (a^. A) and (a^, A + cp) coincide if 
(a^. A) / 0, because (A^, A) C Z. Let A^ = {a^ G A^ | (q^, A + cp) > 0}. Then A^ is 
a positive system and hence there exists an element w & W such that A^ = wA]^. Since 
A e L*-^{Pi+), we have Ay^ C A^. Hence Ay_^ C wA^, that is, w e W^. Moreover 
{AX,X + cp) > implies (A^, uj-^A + cp)) > and (AY,u;-U) > again due to the 
integrality. Therefore A € wP+. □ 

Lemma 2.3. For X G i*'^{Pj^), an element w G satisfying X S wP^ (whose existence 
is assured by Lemma \2. S^) is unique if and only if X ^ H^v\^v . 

Proof Assume G A^ \ A) and A G i*-^{Pi+) n i7„v. Let w e satisfy A G wP+. 
Then (TqA = A G wP^ and hence w^^X = ayj-iaW~^X G P+, which further implies 
w~^a'^ G A'^, where A'^ is a coroot system orthogonal to w^^X whose fundamental 
system is given by ^-'^ = {a/ G | {a'^,w-'^X) = 0} (see [7, §1.12]). If ^''^ C ^-^Ay, 
then H^(*'^)^''^ = A'^ C w~^A), and hence w~'^a^ G w~^Ay, which contradicts to the 
assumption a'^ Ay. Therefore there exists a fundamental coroot G ^''^ \ 'w~^A'j, 
which satisfies aiW^^X = w^^X G P+ by construction. Since w G VF^, we have w~^A'j_^_ C 
AY\{a/}. Hence (Ti-uj^^Ay,^ C A^, because cri(AY\{ay}) C A^. Then putting = wai, 
we have 3 w' ^ w such that A G wP^ nw'P+. 

Conversely, assume that there exist w, w' G such that w ^ w' and A G wPj^. n w'P+. 
This implies that ■u;~^A = w'~^X is on a wall of C and hence A G /?a^- Let A"^ = {a^ G 
A^ I A G -ffo-v} be a coroot system orthogonal to A so that A G H/^nv . Assume A"^ C Ay. 
Then by A = ww'~^X, we have ww'~^ G Wx and hence ww'~^ G W{Aj), because Wx = 
W{A"'^) C Ty(Ay) by the assumption. Since id ^ ww'~^ G W{Ai), there exists a coroot 
G Ay_^ such that = ww'~^a^ G Ay_. Then, since w~'^{ww'~'^)A)_^ C A^ and 
w^^A^_^ C A^, we have w~^(3'^ G A^ from the first inclusion and w~^{—/3'^) G A^ from 
the second one, which leads to the contradiction. Therefore A G ^^q-v for a G A"^\Ay. □ 

Next we give some definitions and facts about convex polytopes (see [5,37]) and their 
triangulation. For a subset X C M^, we denote by Conv(X) the convex hull of X. A 
subset P C is called a convex polytope if 7^ = Conv(X) for some finite subset X C M . 
Let V he a d-dimensional polytope. Let W be a hyperplane in . Then 7i divides 
into two half-spaces. If V is entirely contained in one of the two closed half-spaces and 
P n 7^ 0, then Ti. is called a supporting hyperplane. For a supporting hyperplane H, a 
subset = V (^TL ^ % is called a face of the polytope V. If the dimension of a face F is 
j, then we call it a j-face J-. A 0-face is called a vertex and a {d — l)-face a facet. For 
convenience, we regard V itself as its unique d-face. Let Vert('P) be the set of the vertices 
of P. Then 

(2.19) J" = Conv(Vert(P) n J^), 

for a face J-. 

It is known that triangulation of a convex polytope can be executed without adding 
any vertices. Here we give an explicit procedure of a triangulation of V. Number all the 
vertices of "P as pi, . . . , p^. For a face J-, by N{J-) we mean the vertex pj whose index j 
is the smallest in the vertices belonging to J-. A full flag $ is defined by the sequence 



(2.20) 
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with j-faces J-j such that J\f{J-j) ^j-i- 

Theorem 2.4 ( [27]). All the collection of the simplexes with vertices M{J^o), . . . , N{J^d-i)j 
N{Td) associated with full flags gives a triangulation. 

Remark 2.5. This procedure only depends on its face poset structure (see [5, §5]). 

For a = *(ai, . . . , un), b = *(5i, . . . , G we define a • b = ai5i + • • • + QNbN- 
The definition of polytopes above is that of "V-polytopes" . We mainly deal with another 
representation of polytopes, "H-polytopes" , instead. Namely, consider a bounded subset 
of the form 

(2.21) r = f]Hf CR^, 

where \I\ < oo and W+ = {x G | a^ • x > hi} with a^ G and hi G M. The following 
theorem is intuitively clear but nontrivial (see, for example, [37, Theorem 1.1]). 

Theorem 2.6 (Weyl- Minkowski). H-polytopes are V-polytopes and vice versa. 

We have a representation of fc-faces in terms of hyperplanes = {x G j Eij - x = /ij}. 

Proposition 2.7. Let J C I. Assume that T = V f\ Dj^j'^j ^- Then !F is a face. 

Proof. Let x G P. Then x G CljeJ hence a^ • x > hj for all j G J. Set a = j 

and h = YljeJ ^i' W be a hyperplane defined by {x G | a • x = /i}. Then a • x > /i 
for X G :P and P C 7^+ = {x G I a • X > /i}. 

Let X G V DTi.. Then a • x = /i. Since a^ • x = hj + cj > hj with some Cj > for all 
J G J, we have cj = and x G TCj for all j G J- Thus x G .F. It is easily seen that x G J- 
satisfies x G V nTC. Therefore = V CiTi. and H is a supporting hyperplane. □ 

Proposition 2.8. Let H be a supporting hyperplane and = VCiH a k-face. Then there 
exists a set of indices J G L such that \J\ = (dimV) — k and = V r\ 

Proof. Assume d = N without loss of generality. Let x G Then x G H and hence 
X G dV since V C H~^. If x G \ Hi for all i e I, then x is in the interior of V, which 
contradicts to the above. Thus x G TCj for some j G /. 

First we assume that = V CiH is a facet. Then there exist a subset {xi, . . . ,xjv} C ^ 
such that X2 — xi, . . . ,xjv — xi are linearly independent. Let C be the convex hull of 
{xi, . . . , xat}. We consider that C C is equipped with the relative topology. Note that 
for X G C, we have x G 'Hj(x), where i(x) G /. We show that there exist an open subset 
U C C and i G / such that HiCiU is dense in U. Fix an order {ii, ^2, • • •} = I- If Hi^ n C 
is dense in C, then we have done. Hence we assume that it is false. Then there exists an 
open subset Ui C C such that T^j^ DUi =0. Similarly we sec that TCi,^ n Ui is dense in 
Ui unless there exists an open subset U2 C Ui such that TLi2 H = 0- Since |/| < 00, 
repeated application of this argument yields the assertion. Thus there exists a subset 
{x.[, . . . , x'jy} cHiHU such that Xg — x'^, . . . , x'^ — x'^ are linearly independent. Hence we 
have T dTii and 7i = TCi. 

For any k-face J-', there exists a sequence of faces such that 

(2.22) J^ = J^kC Tk^x C • • • C C V, 

where {k < j < N — 1) is a j-face. Since J^j is a facet of J^j+i, by the induction on 
dimensions, we have = Vri Hjgj fo'^ some J C L with \ J\ = N — k. □ 
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Lemma 2.9. Let a = *(ai, . . . , qn) G and a be a simplex with vertices po, • • • ,Pn £ 
in general position. Then 



(2.23) 



where 



N 

/ e^ ''dx = iV!Vol(a) ^ 



m=0 ^^i/ma- (Pm -PjO 

iV!Vol((7)r(a-po,...,a-p7v), 



(2.24) r(xo,...,xjv) =det 



1 






/ 1 • 


■ ^ ^ 






1 det 




XN 


,N-l 



qXn j 




Xq 

\ ^0 


■ x^-^ 
N 



(2.25) 

and 

(2.26) 



Vol(cr) = J ldx = -^|detP|, 



1 

Po 



1 

Pat 



with pj regarded as column vectors. 



Proof. Let r be the simplex whose vertices consist of the origin and *(0, . . . , 1, . . . , 0), 
1 ^ J ^ Then by changing variables from x to y as x = po + Py with the N x N 
matrix P = (pi — po, . . . ,pn — Po), we have 



(2.27) 



/e^-^dx = e^ Po|detP| / e^ ^dy, 

J a J T 



where *b = {hi, . . . , h^) = *aP. Since 

"i-j/i ym-i 



(2.28) 



we see that 
(2.29) 



gC+(bl-c)j/lH ^(''rn-c)ym fj^y^ 



1 



bm + ibl-bm)yi-\ |-(bm-l-6m)2/m-l _ gC+ (^1 -c)?/! H |-(6m- 1 -c)2/m- 1 ' 



iV 



/ eb-ydy = go(b) + ^g^(b)e'"", 

•^^ m=l 



where qj(h) foi < j < N are rational functions in 61, . . . , ^at. In particular, we have 

(-1)^ 



(2.30) 
and hence 

(2.31) 



go(b) 



61 • • • ^AT 



N 



e-d. = |det(po- p... Po -p.)| ..p„ ^ ^ a,^^ 
(a-(po-pi)j---(a-(po-piv)j ^ 



m=l 



!Vol((7) V —. -, 
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where Qmi^) are certain rational functions in ai, . . . ,ai\f. Since e^'^^ for < j < are 
linearly independent over the field of rational functions in ai, . . . , a^v, exchanging the roles 
of the indices and j in the change of variables in ()2.27p yields 

^a-x^^ _ |det(pm - Po, ■ ■ ■ , Pm - Pm^l, Pm - Pm+1, ■ ■ ■ ,Pm - PA^)I ^a-p„ 

(2.32) '"=° ^ 

iV! 

m=0 

Generally we have 

N ^ 

(2.33) 2_.ff (r -T-) =^(^o,---,^jv) 

by the Laplace expansion of the numerator of the right-hand side of (12.240 with respect 
to the last row and hence the result ()2.23p . □ 

Although the following lemma is a direct consequence of the second expression of (j2.23p 
with the definition of Schur polynomials and the Jacobi-Trudi formula (see [16]), we give 
a direct proof for convenience. 

Lemma 2.10. Let a G C^, a and po, . . . ,Pn G CLf^ the same as in Lemma \2.9i Then 
the Taylor expansion with respect to a is given by 



(2.34) / e--dx = Vol(a) (l + ^ " + 

-''^ 0<i<N 

{N + ky. 



+ E (a-Po)^---(a.p.)^- + 

fcoH \-kM=k 



Proof. We recall Dirichlet's integral (see [34, Chap. XII 12.5]) for nonnegative integers kj 

and a continuous function g, that is, 

(2.35) 

y'o" ■ ■ ■ y'^Taiyo + ■■■ + yN)dyo ■■■dyr,= (^^^^"'^".^^j^^), £ 5(t)t'°+-+'"+^dt, 

where f is the (A^-|- l)-dimensional simplex with their vertices (0, . . . , 1, . . . , 0), < j < N 
and the origin. This formula is easily obtained by repeated application of the beta integral. 
We calculate 

(2.36) /(a) = i^(a.x)'=dx. 
By multiplying 

(2.37) 1 = (A: + 1) / s'^ds, 

Jo 

and changing variables as x' = sx, we obtain 

(2.38) /(a) = [ (a • x')''s~^ dsdx' , 
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where a = IJo<s<i (^^saj ~^ l)-dimensional simplex. Again we change variables 



as Py = X = ( ^/ ) • Then 



(2.39) 

N , N 



■^^ i=o j=o 
'-±i|detP| E (a.p„)^»...(a.p„)^»j^/#....^»(f;.,)-V 

A;o,...,fciv>0 ^ j=0 

fcoH \-kN=k 



where y = *(?/o, • • • , yAr)- Hence applying (|2.35|) . we obtain 

t, I 1 U] 1 

fco,.--,fciv>0 ^ ^ 

(2.40) ^ fco+■■■+fe^.=fc 

= ^°^(^)fivTlV ^ (a-po)'=°---(a.p;v)'^-. 

fcoH hfcjv=fc 



□ 



It should be remarked that a • pj for < j < N are not linearly independent. Thus the 
coefficients with respect to them are not unique. Lemma 12.101 is a special and exact case 
of the following lemma. 

Lemma 2.11. Let a £ C^, a and po, • • • , Pn £ f""e the same as in Lemma \2.^A Then 
for b G C^, the coefficients of total degree k with respect to a of the Taylor expansion of 



(2.41) / e^'^+^^-^dx 

J a 

are holomorphic functions in b of the form 



(2.42) Vo1(ct)J; Y1 <^m,k„...,k 



m=0 fco,-,fciV>0 rij^ml^ ■ (Pm ~ Pj)) 

fcoH \-kff=k 



where Cm,ko,...,kM ^ Q- 
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Proof. We assume |a • (p^, — pj)| < |b • (pm — Pj)| for all j 7^ m. Then we have 

p(a+b)-pm, 

(2.43) 



njym(a + b) • (Pm - Pi) 



Uj^m b • (Pm - Pj) , a - (p„ 



pj) 



Pi. 



e 



bp„ 



HE 



a - (Pm - Pi) 



E E TT^, ^^^T^n(-(p.-P".))". 

fc=0 fco,...,fc^>0 lli^mlb- (Pm -Pi)) ' j^m 



n,^™b.(p^-Pi) /^i.f^^V b.(p^-pi) 

pb-p,„ . Pm)'^" 

1 

fcoH \-kjsi=k 

Applying this result to the second member of ()2.23p with a replaced by a + b, we see that 
the coefficients of total degree k are of the form (j2.42|) . The holomorphy with respect to 
a and b follows from the original integral form (|2.41|) . Therefore (j2.42|) is valid for the 
whole space with removable singularities. □ 

3. General functional relations 

The purpose of this section is to give a very general formulation of functional relations. 
For f,gG d{P) and /, J C {1, . . . , r}, we define 

(3.1) C(/,5;J;A)= Yl {txT' 

and 

/(A) 



(3.2) S{f,g;I;A)= ^ 



xe.*-HPi+)\Hg ^ 

We assume that ()3.2p is absolutely convergent for a fixed I. By (12.150 and Lemma 12. 2^ 
we have id G and P+ C i*~^{Pj^). Hence (|3.ip is also absolutely convergent for all J 
since Pj++ C P+ by (l2l^ . 

For s G C, > 1 and x, c G M let 

(2,V^). („ + <;). 

Let -D/c be a finite subset of (Q^ \ {0}) © C V. Then any element of 7 G Djc can 
be written as 7 = r/^ + c-y6 (ry^ G \ {0}, G M). We assume that Djc contains 
Bjc = {7i}ig/c where = rii + Ci6 for i £ I'^ such that {r^jjjg/c forms a basis of Q'jc and 
Cj G M. Let {//j}jg/c c P/c be a basis dual to {r/j}jg/c. 

Theorem 3.1. Lei G C wii/i 5Rs^ > 1 for 7 G -D/c and let y G V/c. T^e assume that 

(3.4) /(A + ^) = /(A)e2-v^<y''^\ 

(3.5) 5(A + /i)=5"(A) n 7(A + /i)^^ 

7G-D/C 
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for any A G P/^ and any G Pjc, where G (Hence f depends on y, and g 

depends on s^ 's.) Then 



(i) We have 



(3.6) 



5(/,5;/;A)= Yl j;^C{w-'f,w-'g-J;A) 

w&W JG{l,...,r} 

= YQ{f-fKg^;J;A). 
Jci 



where 

(3.7) N^j = \wW{Ajc) n W^\ 

and G d{Pi) is defined by 

(3.8) 

/«(A) = (-l)l^-le--^^<-^)(n T^jf) 



~1 rl 



X 



^ ^ 'j£Djc\Bjc 'y£Djc\Bjc 



and 

(3.9) i/ = ^Ci^Ui G MOP/c. 

('iij The second member of p.6|) consists ofT'(W{A) : W{Aj)) terms. 
(Hi) If H/^v\^v c -ffg, i/ien ({w~^ f,w~^g; J; A) = unless N^^j = 1. 

Proof. First we claim that for tf,?/;' G VT^ and A G t(;P7++, we have A G if 
and only if G wW{Ajc). In fact, A G wPj+j^ n w'Pj^j^ implies i(;'~"^A G -P7++ and 
(w~^?i;')w'~"'^A G Pj++, and hence w~^w' stabilizes Pj++ = P+ H Cj. Therefore w~^w' G 
VF(Ajc). The converse statement is shown by reversing the arguments and we have the 
claim. By using this claim, Lemma 12.21 and the decomposition (|2.13|) . we have 



S{f,g;P,A)= Y 



/(A) 



5(A) 

^ ^ N^j ^ g(X)' 

wf^W JC{l,...,r} X£wPj++\Hg ' 
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Therefore 

S{/,a;/;A)= Y. E 

w&Wl JC{l,...,r} ""'-^ XePj++\w--^Hg^^ ' 
«;ety^ JC{l,...,r} AePj++\H„-i/ ^ 

loeW'^ JC{l,...,r} "''-^ 

where the last member consists of 2''(T^(A) : VF(A/)) terms since the cardinahty of the 
power set of {1, ... ,r} is 2^ and \W^\ = {W{A) : W{Aj)^ by Lemma |2.H which imphes 
the statement (ii). 

Assume that 7 = r]^+Cy6 G ((5^\{0})eM (5 and A G P. Then 7(A) = {r]^, A)+c^ G Z+Cy 
and for 7(A) 7^ 0, we have 

1 g2iT\' —l{nj+Cj—'y{X))x^ 



' - V / dx 
(3.12) = / y £ ^ dxy 

~ r(s +1) Jo '^'^ 

where we have used the absolute convergence because of Ks^ > 1. 
By using (|3.5|) . (j3.4|) and Lemma l2.2t we have 

,3.13) 5(/,.:/;A,.E E n ^p^)- 

Applying (I3.12p to the right-hand side of the above, we obtain 

(3.14) ^ + t^^Hg 



■y£Dic\Bjc 



Note that if 7(A) = 0, then c-y G Z and the last member of ()3.12p vanishes. Hence we 
may add the case 7(A + ^) = for 7 G Djc \ Bjc in the above. Therefore by using 



WITTEN MULTIPLE ZETA-FUNCTIONS 



15 



Hg = Hgt U Hj:,j^\Bic U Hbjc and putting ^ = Yliei'^ "-i/^* ^ "^^ ^^^^ 

(3.15) 5(/,5;/;A) 

n -2^) E 



\B r(.^ + i) y , 5«(A) 



f ■■■ f exp(^-27r\/^ ^ 7(A)x^)(^ L,^(x-y,c^) 



expf 27rV^((y,/ii) - ^^^Djc\Bjc ^-/iv-/, f^i))^ 

n wTw^^ 11 

/(A) 



X / ... / exp(^-27r\/^ ^ 7(A - i/)x^^ Ls^(x^,c^)^ 
° ° -reDicXBjc -yeDicXBjc 

which is equal to the third member of (13. 6p . because P/+ = U/c/^'^++' Hence the 
statement (i). 

As for the last claim (iii) of the theorem, we first note that Nyjj > 1 if and only if 
wP J j^j^ C H^v\/^v. This follows from Lemma 12.31 and the definition of Nyj^j, with noting 
the claim proved on the first line of the present proof. Now assume H^v\^^v C Hg. Then, 

if Nuj^j > 1, we have wPj++ C Hg. This implies C{w~^ f,w~^g; J; A) = 0, because the 
definition ()3.ip is an empty sum in this case. □ 

In the present paper we mainly discuss the case when Djc c Q^. Nevertheless we give 
the above generalized form of Theorem 13. H by which we can treat the case of zeta-functions 
of Hurwitz-type. 

For a real number x, let {x} denote its fractional part x — [x]. If s = A; > 2 and c are 
integers, then it is known (see [1]) that 



(3-16) (27rV^)'^ ^^^^ 

= Bk{{x}), 



k. ^ e 

nGZ\{0} 



where Bk{x) is the fc-th Bernoulli polynomial. Thus if all Ls{x,c) in the integrand on 
the right-hand side of ()3.8p are written in terms of Bernoulli polynomials, then we have a 
chance to obtain an explicit form of the right-hand side of (13. 8p . We calculate the integral 
in question through a generating function instead of a direct calculation. The result will 
be stated in Theorem 13.51 below. 



Remark 3.2. When = 1, the argument ()3.12p is not valid, because the series is con- 
ditionally convergent. Hence on the right-hand side of (|3.15p . s-y. = 1 for i £ is not 
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allowed. However for n G Z \ {0}, we have 



(3.17) 



1 ^ 1'^ 

- = (-27r^/^) / Bi{x)e 

n Jo 



2n\/—lnx 



dx, 



where the right-hand side vanishes if n = 0. Thus the value s-y = 1 is also allowed for 
7 G {Djc \ Bjc) n on the right-hand side of (I3.14|) and hence in Theorem 13.11 

Let M,iV G N, k = {h)i<i<M+N G Nf+^, y = {y^)l<i<M G and bj G C, c,, G M 
for 1 < i < M and l<j<N. Let 
(3.18) 

„1 „i AT / N \ / M N X N 



For t = {ti)i<:i<M+N G C*^"*"^, we define a generating function of P(k, y) by 



dxj. 



(3.19) 



M+N ^kj 



F{t,y)= ^(k>y) n ITT- 



keN, 



M+JV 



J = l 



Lemma 3.3. (i) The generating function F(t,y) is absolutely convergent, uniformly on 
Vr X w/iere = {i G C | |t| < wii/i < ii < 27r. 

(ii) The function F{-,y) is analytically continued to a meromorphic function in t on 
the whole space C^^+^ and we have 



M+N ^ \ rl n / ^ 

J|exp((6j +tj)a;j 

N N 
Y{exp(^tN+i\^yi -^CijXj^^ j Yldxj 



M 



(3.20) 



i=l 



M 



n Trrr) E ••• E exp(^t;v+.(te} + 

» Af A 

X / exp(^y^(aj -|- bj)xj^ "[~[ dxj, 



mi 



i=i 3=1 

where of is the minimum integer satisfying > X]i<j<ACjj o^nd c^ is the maximum 

Cij>0 

integer satisfying < Yli<j<N Cij and 



M 



(3.21) 
(3.22) 



"Pm.v = X = {xj)i<j<N 

which is a convex polytope. 



i=l 

< < 1, (1 < i < N) 



N 



{yi] mj - 1 < ^ djXj < {yi} + rui, {I < i < M) 
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Proof, (i) Fix i?' G M such that R < R' < 27r. Then by the Cauchy integral formula 



(3.23) 



Bk{x) 1 f ze^^ dz 



we have for < a; < 1 



(3.24) 



Bk(x) 



k\ 



1 

< — 
- 27r 



\z\=R' 



ze^^ 


\dz\ 


- 1 





< 



where 



(3.25) 



1 ze^^ 




le^ - 1 





\z\ =R', 0<x< l}. 



Therefore 



M+N ^kj 

^(k>y) n p 

1 "'7 ■ 



< 



(3.26) 



n I'/' 



•••/I 

JO I 



M 

n 

.M+N 



-1 



"1 rl 



M+N ^ N 



M+N / \ ki 

R' 



where C = ^w(^f=i\^bj\^ . Since 



(3.27) cc^^ n (I) =^^r^ n i 



R/R' 



< oo, 



we have the uniform and absolute convergence of F(t,y). 
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(ii) Noting the absolute convergence shown in (i), we obtain 

M+N .kj 



F{t,y)= y: piKy) n h 



nl ,1 N . N ^fc, 

N 



M 



(3.28) 



1 »1 TV /AT 



Yldxj 



= (n itT^ij / •••yo ^^p(E^^-^^)(n«^p(*j-^^)^ 



M iV X N 

i=i j=i ^ j=i 

M+N ^ X ^1 „i / ^ / ^ 

. M TV X TV 

X exp ( ^ *Af+i (vi - yi - E ) ) n "^^J • 

^i=l .7=1 ^ .7=1 



Here the inequahty 

(3.29) 

imphes 

(3.30) 



AT 



Vi - cf <yi-Y CijXj <yi-c^ 



AT 



{Vi} + Cj <yi- - E ^J^i - ■fy^J" + ^i^' 



and for mj G Z, the region of x satisfying 



N 



(3.31) 

is given by 

(3.32) 



N 



{Vi} + mi - 1 < ^ CjjXj < {yi} + mj. 
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Therefore 



^(*'y) = (n ^I-3tJ E E exp(5^i;v+.(M + m,)) 

N N 

exp(^(aj + bj)xj^ JJ dxj, 

which is a meromorphic function in t on the whole space C^^"^^. □ 

Lemma 3.4. The function P(k, y) is continuous with respect to y on M''^. The function 
F(t,y) is continuous on {t G C | |t| < 2tt}^^^^ x M.^ and holomorphic in t for a fixed 
y GM^. 

Proof For y G R*^ and x = ixj)i<j<N G let h{y,x) be the integrand of (fXTSl) . Let 
{ynlJ^Li be a sequence in R-^ with lim„^ooyn = Yoo and we set /in(x) = /i(yn,x) and 
/loo(x) = /i(yoo,x). Then for x G [0,1]^, 

(3.34) lim /i„(x) =/ioo(x) 

ra— >oo 

holds if X satisfies 

N 

(3.35) (yoo)i - ^ QjXj Z, 



for all 1 < i < M. Hence (|3.34p holds almost everywhere and we have 

AT 



N 

lim P(k,y„) = lim / hn(x)Y\ dxj 

rt— >oo n— >oo j^qi'^n ■'■■^ 



(3.36) 7(0,1]^ 



N 

lim hnM T 1 fix,- 

w 

hoc (x) dXj 
i=i 

^'(k,yoo), 



[0,1]^ " 



where we have used the uniform boundedness /i„ (x) < C for some C > and for all n G N 
and X G [0,1]^. 

Combining the continuity of P(k,y), definition (13.190 and Lemma 13.31 we obtain the 
continuity and the holomorphy of F(t,y). □ 

Now we return to the situation y G Vjc. Let yi = (y, /ij) for i £ I"^ and we identify y with 
{y,)i^ic G Rl^^l. We set Q [y] = Q [{yi)iei^], A{y) = Z^eI^^yi + ^ and |k| = E^^^.c ^7- 
Let 

(3.37) D = {jot{-u) \ J e Dic\Bjc}, iy = ^CifiiePic. 
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Theorem 3.5. Assume the same condition as in Theorem \3.1\ Moreover we assume that 
Djc c and s^ = are integers for all 7 G Djc such that > 2 for 7 G Bjc and 
k^ > 1 otherwise. Then /" € d{Pi) in (13. 8p is of the form 

(3.38) /«(A) = e-2-^<^'^) |;(vr./^)l^l-('=+^) J] ^^T^' 

A;=0 5r; W 

where rj runs over a certain finite set of indices, N = |D/c \ Bic\ and 

(3.39) ) G Q [y]e-v^Q«^(y)^, gj'^) G (^(y):D)'=+^. 
Proof. From ()3.8p . we have 

(3.40) /»(A) = (-i)P.^le^2-v-T(y,.)(^ jj ^^"^^'^ )p(k,y,A), 

where for k = {k^)^^Djc, 

P(k,y,A) = j| ...^ exp(-2^^ 7(A - i^)x^) ( [] 5fc,(:E^) 



(3.41) 



Hence P(k, y,A) is of the form ()3.18p . Therefore, by applying Lemma 13.31 we find that 
P(k, y, A) is obtained as the coefficient of the term 

(3.42) Yl A'' 

■y£Djc 

in the generating function 

,k. 

F(t,y,A)= ^(k,y,A) n 



t'y 



(^•4^) = ( n ^) E exp(5:^({ya + m.) 



X 

where a = (a^)^gB^,\Bjc S M^,b = iby)^(zDjc\Bic G with 

(3.44) a^ = t.y-Yh^iVi,l^i): 

(3.45) 6^ = -27r^/^7(A - z^). 
Since {r]^,fj,i) G Z, any vertex pj of Vin,y satisfies 

(3.46) {Pj)^eY,^yi + ^ = ^^My)- 
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The first two factors of the last member of ()3.43p is expanded as 

(3-47) (ll^t^)(Il^MhMy^} + m)))= ^k'(y) n 

where -Pk'(y) € Q [y] is of total degree at most |k'|. 

Next we calculate the contribution of t of the integral part. By a triangulation 'Pm,y = 

UflT^ '^i,in,y in Theorem 12.41 the integral on Vm,y is reduced to those on (Tj^m^y. Since 
(j3.42p is of total degree |k|, and a is of the same degree as t by (j3.44p . the contribution of 
t comes from terms of total degree k < |k| with respect to a. By Lemma [2. Ill we see that 
these terms are calculated as the special values of the functions h(h') at b, where h{h') is 
a holomorphic function on of the form 

(3.48) Yol{ai,^,y)}_^ c,,.,,...,.^ -— ^, 

g=0 Ko,...,Kjv>0 llq'=0\" ' yPjq Pjg'J) 



kqH |-K]v=K q'^q 

and Pjq's are the vertices of cri^^ y and Vol(cj; m,y) G Q [y] is of total degree at most A'' 
due to (I3.46p . Since 

(3.49) h-pj = -2TTV^ l{X-iy){pj)ye7rV^Q^A{y)D, 

1^Djc\Bic 

each term of (I3.48P is an element of 

(3-50) Q [y] . = T-^^TTT-^Q [y] 



where < k' < k < |k|. 

Combining (j3.47p and (j3.48p for all m and I S L(m) appearing in the sum, we see that 
the coefficient of (1^:1^ is of the form (1^51) . □ 

Remark 3.6. It may happen that the denominator of ()3.38p vanishes. However the original 
form (j3.8p implies that is well-defined on P/. In fact, the values can be obtained by use 
of analytic continuation in (I3.48p . 



Remark 3.7. It should be noted that in Theorems 13.11 and 13.51 we have treated y € V/c 
as a fixed parameter. In general, as a function of y € V/c, ()3.38p is not a real analytic 
function on the whole space Vjc We study this fact in a special case in Section [H 

We conclude this section with the following proposition, whose proof is a direct gener- 
alization of that of (2.1) in [12]. 

Proposition 3.8. Let f,g£ diP) o-nd J C {1, . . . ,r}. Assume that J = Ji ]J J2 o^nd that 
f and g are decomposed as 

(3.51) /(A1 + A2) = /i(Ai)/2(A2), <?(Ai + A2) =5i(Ai)<72(A2), 
for fi,gi G d{Pji), /2,52 G ^{Pji), Ai G Pj^, X2 G Pj^- Then we have 

(3.52) C{f,g; J; A) = C(/i, <7i; ^i; A)C(/2, 52; J2; A). 
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4. Functional relations, value relations and generating functions 
Hereafter we deal with the special case 

(4.1) /(A) = e2-v^<y'^), 

(4.2) g{X)= H (a^Ar^ 

for y £ V and s = (sa)cfgA ^ C'^+l, where A is the quotient of A obtained by identifying 
a and —a. We define an action of Aut(A) by 

(4.3) {ws)a = S^-la, 
and let 

(4.4) c.(s,y;A)= ^"^^^'^^ n t;;^^ 



Then we have 

(4.5) af,g;J;A) 



AeP++ aeA+ ^ ' ' 



Cr(s,y;A), if J = {1,. . . ,r}, 

0, otherwise 



because for J ^ {l,...,r} we have C H^v = Hg. When y = 0, the function 

Cr(s;A) = ^r(s,0; A) coincides with the zeta-function of the root system A, defined by 
(3.1) of [12]. Therefore ()4.4p is the Lerch-type generalization of zeta-functions of root 
systems. Also we have 

(4.6) S(/,,;/;A)= Y. ^'^'^'^'Ht^. 

which we denote by 5(s,y;/;A). Note that H/^v coincides with the set of all walls of 
Weyl chambers. Let 

(4.7) S = {s = (sa) G Cl^+I I > 1 for a G A+}. 
Note that S is an Aut(A)-invariant set. 

Lemma 4.1. (^r(s,y; A) and S'(s,y;/; A) are absolutely convergent, uniformly onV xV 
where V is any compact subset of the set S. Hence they are continuous on S x V , and 
holomorphic in s for a fixed y £ V. 

Proof. Since for s E P, a G A+ and \ £ P \ H^v , 

1 



(4.8) 



g7r|SSa| 



(the factor e'^l^'^"' appears when (a^, A) is negative), we have 
(4.9) 



B ■ 



where /i(s) = noeA+ ™^ ^ ~ maxsex'^(s), B = miuagij, (miuggx) JRsq,) > 1. It 
follows that 

("») E Dk^^I"'! E nK;^ = TO)'<"- 
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and hence the uniform and absolute convergence onT) x V. □ 

Remark 4.2. Although the statements in Lemma l4.ll and in the rest of this paper hold 
for larger regions than S, we work with S for simplicity. For instance, the above proof 
of Lemma HH] holds for the region {s = (sa) S C'^+l | 'Stsa > 1 for q G ^, > 
otherwise}. 

First we apply Theorem 13. II to the case / 7^ 0. Then Theorem 13. II implies the following 
theorem: 

Theorem 4.3. When / / 0, for s £ S and y £ V, we have 



(4.11) 5(s,y;/;A) 



X [ ■■■ [ exp(-27r^ ^ x„(a^,A))( L,Jx„,0)) 

° ° aeA+\(A7+U<I') aeA+\(A7+U'^) 

)'£= A . \ A - I uTf^ ^ A . \ A _ I l\Jf\ 



Hel" aeA+\(A/+U>I') ^ aeA+\(A/+Ul') 

The second member consists of (W{A) : W{Aj)^ terms. 

Proof It is easy to check ([331) and ([33]) for dUI]) and with D/c = A+ \ A7+, 

Bjc = ^jc (hence c^=0 for ah 7 E D/c), and fi(S(A) = naeAj+ ("^' '^)'*" fo'^ ^ Since 
Pj++ C -fTgtt for all J C /, we have the second equality. 

Next we check the first equality. From (13. 6p , ()4.5p and Theorem 13.11 (iii) , we have 

(4.12) 5(s,y;/;A)= Ciw^' f,w~'g; {1, ... ,r}; A). 

w&W' 

Further, 

C(«;-V;t/^-'5;{l,...,r};A)= e^^v^^^'-^) J] / v 

E 27rv^(u'"V.A> TT i 

AeP++ aeA+ ^ ' ' 

^ 27rv^(^-ly,A> TT ^ 

AeP++ aeii)-iA+ ^ ' ' 

by rewriting a as wa. When 

(4.14) a e w~'^A+ n A_ = -(A+ n w'^A^) = -A^, 
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we further replace a by —a. Then we have 
(4.15) C(w^-V;«^-V{l,---,r};A) 

= ( J] (-1)---) g2.v^(«,-V,A> -Q 

= ( n (-l)-''')Cr(t«-^s,t^-iy;A), 



aGA„ 



-1 



where we have used the fact that wl^w = ~^w'^- Hence the first equahty follows. 

Lemma 12.11 implies that the second member of ()4.1ip consists of (VF(A) : ^^(A/)) 
terms. □ 

Next we deal with the case 1 = 0. Let 5(s,y;A) = 5(s,y;0;A). Then we have the 
following theorem by Theorem 13.11 

Theorem 4.4. For s G 5 and y , 

5(s,y;A)=^( W (-l)-^")c.(w;-^s,^/;-V;A) 

''1=1 oeA+\'I' ^ aeA+\iI' 

The above two theorems are general functional relations among zeta-functions of root 
systems with exponential factors. In some cases it is possible to deduce, from these 
theorems, more explicit functional relations among zeta-functions. (See Example 17. 5p . 
However in general it is not easy to deduce explicit forms of functional relations from 
()4.1ip by direct calculations. Therefore, in our forthcoming paper [14], we will consider 
some structural background of our technique more deeply and will present much improved 
versions of Theorem 14.51 and Theorem 16.21 In fact by using these results, we will give 
explicit forms of other concrete examples which we do not treat in this paper. On the other 
hand, in [15] we will introduce another technique of deducing explicit forms. This can be 
regarded as a certain refinement of the "u-method" developed in our previous papers. By 
using this technique, we give explicit functional relations among zeta-functions associated 
with root systems of types A^, C2{~ B2), and C3. 

Now we study special values of ^(s, y; A). We recah that by (|3.16p 



(4.17) Lkix,0) = Bki{x}) 



for a real number x. Motivated by this observation, for k = {ka)^^'^ ^ Ng'^"'"' and y £ V 
we define 



P(k,y;A)=^\..^'( J] BkM 



(4.18) 



Q!GA+\'I' 



r N 
1=1 aeA+X* ^ a6A+\'I' 
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SO that 
(4.19) 



5(k,y;A) = (-l)l^^l( n ^'"f7^'° ]P{Kt,A) 



k ' 



for k G 5 n Nq"^^'. This function P(k, y; A) may be regarded as a generahzation of the 
Bernoulh periodic functions and i?k(A) = P(k, 0; A) the Bernoulh numbers (see [1]). We 
define generating functions of P(k, y; A) and B\i{A) as 



(4.20) 
(4.21) 



F(t,y;A)= ^ P(k,y;A) J] fj' 



keN, 



F(t;A)= y: ^k(A) n ^ 



keN, 



where t = (io)^^;^ with |tQ,| < 27r. Assume A is irreducible and not of type Ai. Then by 
Lemma [3^ we see that ^(k, y; A) is continuous in y on F and -F(t, y; A) is continuous on 
{t £ C \ \t\ < 27r}l^+l X V and holomorphic in t for a fixed y £ V. Further by Lemma l3. 3 
(ii) we see that for a fixed y £ V, F{t,y; A) is analytically continued to a meromorphic 
function in t on the whole space 



Theorem 4.5. We have 



(4.22) 



r \ 

]Jexp(^t {(y,A.)- Yl ^a(a\A.)})j J] 

1=1 aeA+\* aeA+\* 



dXr 



n 



aeA+ 
X 



.+\* aeA+\' 

E E exp(^t,,({(y,A,)} + 

mi=0 mr=0 i=l 



mi 



/ exp(^ ^ f^Xa^ Y[ dXa, 

where = ^ X^ogA positive half sum, t*^ = ta — Yll=i'^ai{ct'^ , \) , m = 

{mi, . . . , rrir) and 

(4.23) V^,y = 

0<xa<l, (a G A+ \ ^') 

{(y,Ai)} + mi-l < Xa{a^,Xi) <{{y,X,)} + mi, (1 < i < r) 

aeA+\>I' 

is a convex polytope. In particular, we have 

, . 2(pV,Ai)-l 2(pV,A,>-l r 

^(*=^)= n ^ E E exp(^t„,m; 



X — {Xa)a&A+\'i! 



(4.24) 



qSA 
X 



mi =1 



mr=l 



i=l 



/ ^^p( E 



qGA+\iI' 



oGA+\iI' 
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where 
(4.25) P„ 



m,0 



{Xa)a 



eA+\* 



< x„ < 1 
m,- — 1 < 



{l<i<r) 



Proof. Applying Lemma 13.31 to the case = | A-(_ \ ^ | , M 
Hi = (Y) Aj) and Cij = {a^ , Aj), we obtain (I4.22|) . 



1^1, b, 



0, kj 



□ 



From the above theorem we can deduce the following formula. In the case when all k^'s 
are the same, this formula gives a refinement of Witten's formula ()1.2p . In other words, it 
gives a multiple generalization of the classical formula ()1.3p . In [35], Witten showed that 
the volume of certain moduli spaces can be written in terms of special values of series 
(II. ip . Moreover he remarked that the volume is rational in the orientable case, which 
implies (II. 2p . Zagier [36] gives a brief sketch of a more number-theoretic demonstration of 
(II. 2p . Szenes [28] provides an algorithm of the evaluations by use of iterated residues. In 
our method, the rational number Ciy(2A;,0) is expressed in terms of generalized Bernoulli 
numbers, which can be calculated by use of the generating functions. 

Theorem 4.6. Assume that A is an irreducible root system. Let ka = ^\\a\\ ^ ^''^d 
k={ko 

(4.26) 



Then we have 



Cr(2k;A) 



(-1)1^+1 
\W\ 



n 



(27rA 



{2ka 



52k (A) G Q7r2S,fcd{A+),|^ 



where I runs over the lengths of roots and (A^); = {a £ A-(_ 



\a\ 



I}. 



Proof. Since the vertices pj of Vm satisfy {pj)a £ Q, by Theorem 14.51 and Lemma [2.101 
we have 



(4.27) 

and hence by ()4.19p . 



S2k(A) = P(2k,0;A) G 

(27rA/^)2fc<,- 



(4.28) 5(2k,0;A) = (-1)1^+1 f n ^^^^O^) 52k(A) G Q ^ 



2E, k,\(A+h\ 



On the other hand, by Theorem! 
(4.29) 5(2k,0; A) = |PF|Cr(2k; A), 

since roots of the same length form a single orbit. Therefore we have (I4.26p . 



□ 



Remark 4.7. The assumption of the irreducibility of A in Theorem 14.61 is not essential. 
Since a reducible root system is decomposed into a direct sum of some irreducible root 
systems, this assumption can be removed by use of Proposition 13.81 

Remark 4.8. It is also to be stressed that our formula covers the case when some of the 
kaS are not the same. For example, let = C2{— B2). Then we can take the positive 
roots as {ai, 02, 2ai + 02, cti + 02} with \\a( \\ = \\a\ + 2a2 ||, ||a2 II 



\a( + a2 II- We see 
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that 



(4.30) ' ' ' ' Z^^/^^m^nHm + nnm + 2n) 



2 



53 12 
-vr . 



6810804000 

Explicit forms of generating functions can be calculated with the aid of Theorem 12.41 and 
Lemma 12.91 We give some more explicit examples in Section [71 

5. Actions of extended Weyl groups 

In this section, we study the action of W on ^(s, y; A), F(t, y; A) and ^(k, y; A). First 
consider the action of Aut(A) C W . Note that P\Hi\v is an Aut(A)-invariant set, because 
H^v is Aut(A)-invariant. An action of Aut(A) is naturally induced on any function / in 
s and y as follows: For w £ Aut(A), 

(5.1) {wf){s,y) = f{w-'s,w-\). 
Theorem 5.1. For s £ S and y £ V , and for w £ Aut(A), we have 

(5.2) {wS){s,y;A) = ( J] (-l)-««) 5(s, y; A), 



-1 



if Sa £ for a £ A^-i . 
Proof. From ()4.6p . we have 



(5.3) iwS)is,y;A)= U 7^^- 

Rewriting A as w~^\ and noting that P \ H^v is Aut(A)-invariant, we have 
{wS){s,y;A)= ^^^^^^''^ 11 / v'us 

(5.4) ^ 11 /q,v x)'c. 

n (-l)-^'^)5(s,y;A). 

«6A,„_i 



Thus we have 



□ 



Theorem 5.2. For s £ S and y £ V , we have S{s, y; A) = if there exists an element 
w £ Aut(A)s n Aut(A)y such that Sa£'L for a £ A^-i and 

(5.5) s«^2Z, 

where Aut(A)s and Aut(A)y are the stabilizers of s and y respectively by regarding y £ 
V/Q\ 
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Proof. Assume ()5.5p . Then by Theorem 15.11 

(5.6) 0-( n (-ir"))5(s,y;A) = o, 

which imphes ^(s, y; A) = 0. □ 
Lemma 5.3. The extended Weyl group Aut(A) acts on C'^+l by 



(5.7) (wt). 



where t = (io)^^^ G Cl'^+I and the representative a runs over A^-. 

Proof. What we have to check is that the definition (j5.7|) indeed defines an action. Since 



(5.8) {v{wt))^ 



Uwt)^--ia, ifaGA+\A^-i, 
we have 

(5.9) {v{wt))a = t^^^)-ia, 

if and only if either 

(1) a G A+ \ A„-i and v~^a G A+ \ A^-i 

or 

(2) a G A^-i and —v^^a G A^,-i 

holds. Here, the minus sign in the second case is caused by the fact that if a G Aj,-i then 
v~^a G v~^Ajj-i = — A^ C A_. Therefore (|5.9p is valid if and only if a G A-(_ and 

a G {v{A+ \ A^-i) n vA^) U (w(-A^-i) n vA^) 
= (vA+ \ vwA^) U (vA^ n vwA+) 

(5.10) 

= (vA+nvwA+)U {vA^ nvwA+) 
= vwA+. 

This condition is equivalent to a G A^- \ A^^^^-i. This implies v{wt) = {vw){t). □ 



Note that we defined two types of actions of Aut(A) on C'^+l, that is, (14. 3p and 
The action (15. 7p is used only on the variable t and should not be confused with the action 

(ion . 

If A is of type ^i, then F(t, y; ^i) = te*-f^>/(e* - 1) (see Example O below) IS an even 
or, in other words, Aut(A)-invariant function except for y G Z. In the multiple cases, 
F(t,y; A) is revealed to be really an Aut(A)-invariant function. To show it, we need some 
notation and facts. Fix 1 < m < r. Note that amA^ = (A+ \ {om}) IJ{— am}- Let 
Ai = (A+ \ 1-) n ct™(A+ \ ^) and = ^ n (7,„(A+ \ 1-) so that (t„(A+ \ ^) = Ai U ^i- 
Let A2 = (A+ \ ^') n cJm^' and ^'2 = ^' n £7^^'. Then we have A+ \ ^ = Ai ]J A2 and 
^ = ^1 U 'J'2 IJ{"m}. Moreover we see that am fixes ^2 pointwise and = (7m A2. 

Lemma 5.4. 

(5.11) ^ Xi{a^ ,am) = am-2Xm- 
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^3 1 il CbllKA Ulll^y 11 \0'^ 

side. Then we have 



Proof. Note that Oj G ^'i if and only if (a^ , am) / and Ui 7^ Om- Let v be the left-hand 



(5.12) {al,v) 



0, if Ofc e U {q^}, 



which determines the right-hand side uniquely. □ 

An action of Aut(A) is naturally induced on any function / in t and y as follows: For 
w e Aut(A), 

(5.13) {wf){t,y) = f{w-\w-\). 

Theorem 5.5. Assume that A is an irreducible root system. If A is not of type A\, then 

(5.14) (ii;F)(t,y;A) =F(t,y;A) 

for t G Cl^+I and y , and for w G Aut(A). Hence for k G Nq^+' and y eV, 

(5.15) (u;P)(k,y;A) = ( J] (-1)-'^'^) P(k, y; A). 

Remark 5.6. If k is in the region S of absolute convergence with respect to s, the relation 
(|4.19|) and Theorem 15.11 immediately imply (j5.15|) . while k 5, it should be proved 
independently. 

Remark 5.7. The assumption of the irreducibility is not essential by the same reason as 
in Remark 14.71 

Proof. It is sufficient to show (j5.14p for the cases w = am G W and w = lo £ Q, because 
Aut(A) is generated by simple reflections and the subgroup 0,. Applying the simple 
reflection am to the second member of (I4.22p . we have 

(5.16) iamF){t,y;A) 
n 7^)1 ( n exp(t.,„„x. 

X exp(ta^(^l - ^{amy,Xm) - ^ Xa{a^ , Xm)^^^ 

aeA+\* 



X 



r X 

exp(^t^„Q,^|((Tmy, Aj) - ^ Xa{a^,Xi)^^] dx^, 

i=l aeA+XvE" ^ a6A+\>I' 



where we have used the fact that by the action of am, the factor nQ:eA+ ^a/i^ ~ 1) is 
sent to 

— / -- — r f f p^f^motm -_ — _ f 

fj^ aGA+\{Q!™} aeA+\{a„} 

= e*"™ TT ^" 

aeA+ 
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Therefore, rewriting Xa as Xo-^q,, we have 
(5.18) ((7™F)(t,y;A) 

= ( n [■■■[{ n ^Mtar^aXa^a)) 



^i=l Q;eA+\* ^ aeA+\* 

(n?^) /•••/'( n -p(*"-")) 

X exp(|ia^^l - |(y, Am - a^) - X] a^a(«^; A^ - Q;m)| 

aeo-„j(A+\*) 

xf exp(^i^^ai{(y,Ai) - ^ Xaia'^Ai)})] ]J 

Vie*\{a„} ae(Tm(A+\*) ''^ ae<Tm(A4 

n TTTt) r •••/'( n exp(i„{x„})) ( n exp(t„,KJ)) 
X exp(|ia^(^l - |(y,Am -a^) - ^ a;a(a^, A^ - am)})) 

aeAiU*i 

x( n exp(ta,{(y,Aj) - ^ Xaia'^Aj)})] 

^( n 6xp(^ta^ai|(y, Ai) - ^ a;Q(a^, Ai)|) j dxa- 



(5.19) 



Here we change variables from x = {xa)aeAiU^i to z = (2;a)a6AiuA2 
Xa, if a e Ai, 

^(y>Ai) - E/36Aiu*i^/3(/^^''^i)' if a = amai G A2, 

so that the Jacobian matrix is calculated as 

(5.20) ^ = pl^^l ' 

dx \ * -I\A2\ 

where Ip is the p x p identity matrix, since 

Zamai = {y,\) - 51 Xa{a^,Xi) 

(5.21) 

= (y, Aj) - ^ Xa{a^, Aj) - Xa.. 
oGAi 

Thus we have |det9x/3z| = 1. For a = amCtk G A2 and G ^'i, we have 
(5.22) (a^,Ai) = {amal,Xi) = {a^,amXi) = {(4,Xi) = hi, 



WITTEN MULTIPLE ZETA-FUNCTIONS 31 

and hence 

Ca, = (y, Ai) - Y Za{a^ , \i) - Z^^oc, 

(5.23) 



aeAi 

(y,Ai)- Yi Za{a^,Xi). 



For the fourth factor of the last integral in (15.180 . we have 

(5.24) (a^, Aj) = {amoiAj) = {ai^amXj) = (afc,Aj) = 0, 

for a = (TmOik S A2 and aj S ^'2, and hence 

(y'Aj)- Y 2;„(a^,Aj) = (y, Aj) - ^ 2;Q(a^, Aj) 

oeAiU'I'i aeAi 

(5.25) 

= (y,Aj)- 2^ Za{a^,Xj). 

aeA+\* 

For the third factor, we have 
(5.26) {yAm-oim)- Y, Xa{a^ ,X 



aeAiU^i 






= (y, Am - am) - Y ^aia"^ , 


Am am) 


^ ^ Xo-j (Oj , Am 


oeAi 






= (y, Am - am) - Y ^aia"^ , 


Am am) 




oeAi 






= (y, Am - am) - Y 


Am am) 




oeAi 








Za,{a^ ,\i) 


^ (a,^,am) 









by using (|5.23|) . Hence we have 

(5.27) (y,Am-am)- E 2;„(a^, Am - am) 

aeAiU^i 

= (y, Am - am) - E Am - "m) 

«GAi 

+ E ^^'-^^^^"^'"""^ ~ E E Za{a^ ,Xi){at ,am) 

= -(y, Am)+ E ^a(«^)Am), 

aeA+X* 

where in the last line we have used Lemma 15.41 and the fact that for a = (Jmau S A2 we 
have 

(5.28) (a^ , Am - am) = {(Tmal ,crm>>m) = {aX-,\m) = 0. 

Since all the factors of the integrand of the right-hand side of ()5.18p are periodic functions 
with its period 1, we integrate the interval [0, 1] with respect to Za. Therefore using (j5.19p . 
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dESSl), and Km we have 

(5.29) (a^F)(t,y;A) 



1 /-l 



6A+ ^ •^'^ •^'^ aeA+\* 

iTi\ r^, ~l A \ iTf ^ 



V6*\{am} QeA+\'I' 
X exp(^ta„(^l - |-(y, Am) + E n 

= i^(t,y;A), 

where in the last hne, we have used the fact that for any am G ^, there exists a root 
a G A+ \ such that (q^, Am) / and thus 1 — {—x} = {x} for x G M \ Z imphes that 
the integrand coincides with that of -F(t,y; A) almost everywhere. 

Lastly we check the invariance with respect to w G $7. Since uj £ permutes ^ and 
leaves A-|- and hence A+ \ ^ invariant, we have 

(5.30) (a;F)(t,y;A) 

= ( n ^t^rtj) ■■■ A n exp(Wx^„)) 

X ( JJexp(^t^Q,^|(w"V, Aj) - ^ x^Q,(u;a^,u;Aj)|^ j dx^Q, 

= (n ^) /'■■■/( n 

X ( JJexp(^t^a,|(y,'^Ai) - ^ 2;Q,(a^,u;Ai)| U 
= i"(t,y;A). 

□ 
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It is possible to extend the action of Aut(A) to that of W as follows: For q £ Q^, 

iT{q)s)a = Sa, 

(5.31) (r(g)t)a = ta, 

'r{q)y = y + q- 

We can observe the periodicity of S, F and P with respect to y from ()4.6p . ()4.18p and the 
first line of ()4.22p . From this periodicity, we have 

Theorem 5.8. The action o/Aut(A) is extended to that ofW and is given by 

(r(g)5)(s,y;A) = 5(s,y;A), 

(5.32) (r((?)F)(t,y;A) =F(t,y;A), 

(r(g)P)(k,y;A)=P(k,y;A), 

for q £ Q"^. 

Remark 5.9. Some statements related with ^(s, y; A) or Cr(s, y; A) in Sections|l]and[5]hold 
on any regions in s to which these functions are analytically continued. In particular, in the 
case y = 0, as we noticed at the beginning of Section HI the function Cr(s; A) = Cr(s, 0; A) 
coincides with the zeta-function defined in [12], and its analytic continuation is given 
in [12, Theorem 6.1]. 



6. Generalization of Bernoulli polynomials 

In the previous sections, we have investigated P(k, y; A) as a continuous function in y. 
In fact, this function is not real analytic in y in general. However they are piecewise real 
analytic, and each piece is actually a polynomial in y. In this section we will prove this 
fact, and will discuss basic properties of those polynomials. 

Let 2) = {y G I < (y, Aj) < 1, {1 < i < r)} be a period-parallelotope of F{t, •; A) 
with its interior. Let ^ be the set of all linearly independent subsets R = {Pi, . . . , /3r-i} C 
^) -^R^ = ©i=i ^Pi' the hyperplane passing through U {0} and 

(6.1) ^^:= U (iDRV+(?). 
Lemma 6.1. We have 

(6.2) ^.^= \J wl\Jifj^.\{^.y+Za])\. 

w£W \j=l J 

The set {i^RV + g | R G ^,q G Q^} is locally finite, i.e., for any y £V, there exists a 
neighborhood U (y) such that U{y) intersects finitely many of these hyperplanes. 

Proof Fix R e ^. Then A^ = A^ n^Rv is a coroot system so that R^ C A^. Let /x be a 
nonzero vector normal to ^rv. Then there exists an element w G W such that w~^fi G C. 
Put w~^fi = X]j=iCjAj with Cj > 0. Then = Yl^j=i'^j'^'j ^ orthogonal to w~^fi 
should satisfy Yl^j=i ^j^j ~ 0- Since Oj are all nonpositive or nonnegative, we have aj = 
for j such that Cj ^ 0. Hence Cj = except for only one j, because t(;~^A^ C A^ is 
orthogonal to w~^^ with codimension 1. That is, w~^iJ, = c\j for some c > 0. Therefore 
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\ }) is a fundamental system of and ^rv = S)w{^'^\{a'^}) = wS^^v^^^vy. 
Moreover = wQ"^ = Z wa^ , which imphes 

(6.3) ^Rv + = u;^^v\{q,v| + Z waj, 

since ©[=i j^j^a/ C ^\i-v\|q,v|. This shows that is contained in the right-hand side 
of (j6.2p . The opposite inclusion is clear. The local finiteness follows from the expression 
([62]) and \W\ < oo. □ 

Due to the local finiteness shown in Lemma l6.1l and 92) C Sj^, we denote by D^'^^ each 
open connected component of 2) \ ij.^ so that 

(6.4) 2)\i:^ = ]j2)('^), 

where 3 is a set of indices. Let y be the set of all linearly independent subsets V = 
{Pi, . . . C A+ and =c/ = {0, 1}""^ where n = |A+|. Let W = Y x £/. For subsets 
u = {til, • • ■,Uk},v = {vi, . . .,Vk+i} C V and c = {ci, . . . ,Cfe+i} C M, let 

/ {ui,vi) ■■■ {ui,Vk+l) \ 



(6.5) 



H{y; n, v, c) = det 



V(y;^^i) + ci ••• {y,Vk+i) + Ck+iJ 

We give a simple description of the polytopes Vm,y defined by (|4.23p . For 7 G A^, 
a £ {0, 1} and y G F, we define u(7, a) G M""'" by 



u(7>«)c 



where a runs over A_|- \ ^, and define ^(7, a; y) G M by 

'(-l)'~"({(y,A.)} + m,-a) 
(-l)'^a = -a, 



(6.6) 



(6.7) 



if 7 = Q-i G ^, 

if 7 ^, 



^'(7,a;y) 



if 7 = ai G 
if 7 ^f. 



Further we define 

(6.8) ^7,a(y) = {x = (Xa)a6A+\vI' G 



and 

(6.9) W7,a(y) = {x = (2;a)«eA+\* e 
where for w = (wa),x = (xa) G C""*", we have set 

(6.10) wx= ^ 

Then we have 
(6.11) 



u(7,a) - x = u(7,a;y)}, 
u(7,a) -x > v(7,a;y)}, 



7eA+ 

ae{0,l} 

We use the identification C — C through y 1— > (yj)[^;^ where = (y, Aj) with (• 
bilinearly extended over C. For k = (ka)^^-^ G Nq, we set |k| = Yla&A^'^- 
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Theorem 6.2. In each the functions F{t,y; A) and P(k, y; A) are real analytic in 

y. Moreover, F(t,y; A) is analytically continued to a meromorphic function F*^'^^(t,y; A) 
from each C" x X''-'^'* to the whole space C" x {C®V). Similarly, P(k, y; A) is analytically 

continued to a polynomial function B^\y\ /S) G Q [y] from each S^'^^ to the whole space 
C y with its total degree at most |k| + n 



r. 



Proof. Throughout this proof, we fix an index G 3- Note that {(y, Aj)} = (y, Aj) holds 
for y G 2). We show this statement by several steps. In the first three steps, we investigate 
the dependence of vertices of "Pm.y on y G Tl^'^^ and in the last two steps, by use of this 
result and triangulation, we show the analyticity of the generating function. We fix m G Nq 
except in the last step. 

(Step 1.) Let V = . . . C A+ and G {0, 1} for 7 G A+ \ V. Consider the 
intersection of |A+ \ V|(= n — r) hyperplanes 

(6.12) fl ■H^^a-.iy) 
7eA+\v 

Then this set consists of the solutions of the system of the (n — r) 



{x = {xa) I u(7, a^) • X = v(7, a^; y) for 7 G A+ \ V}. 



(6.13) 



EaGA+\v& 3;a(a^, \j) = (y, Aj) + rUj 



linear equations 

for 7 = aj G ^ \ V, 
for 7 G A+ \ (^U V). 



Let / = {z I ft G V \ ^} and J = { j | G \ V}. Note that |/| = | J| =: k and 
{ft I i G /'^} = {aj I j G J*^}. The system of the linear equations (|6.13|) has a unique 
solution if and only if 

det((/3r,A,))}|S/0, 



(6.14) 

and also if and only if 
(6.15) 



V G r. 



since 



|det((ft^A,)) 



\<i<r I 
l<j<rl 



3.16) 



det 



det 



u«y,A,))f/; 

)jeJ 







|det((/?r,A,))}|S|, 



where Ip is the p x p identity matrix. We assume (16.150 and denote by p(y; W) the 
unique solution, where W = (V, A) G W with the sequence A = (a^)-ygA+\v regarded as 
an element of £/. We see that p(y; W) depends on y affine-linearly. 

r-^ by 



(Step 2.) We define : ^ 
(6.17) 



: W^p(y;W). 



Any vertex (that is, 0-face) of Vm,y is defined by the intersection of (n — r) hyperplanes 
by Proposition 12.81 Hence Vert('Pin_y) C Cy(^)- On the other hand, T'm,y is defined by 
n pairs of inequalities in ()4.23p . The point p(y; W) is a vertex of T'm,y if all of those 
inequalities hold. We see that (n — r) pairs among them are satisfied, because 

(6.18) p(y;W)G fl n^,a,{y), 

7eA+\v 
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and also it is easy to check 

(6.19) p(y;W)G fl (W+i_„^(y)\H^,i-a,(y)). 

7eA+\v 

Therefore p(y; W) G Vert('Pni,y) if and only if the remaining r pairs of inequalities are 

satisfied, that is, 

(6.20) 

P(y;W)G fl W+„(y) = {x = (x,) I u(/3,a)-x>z;(/3,a;y) for/?eV,aG{0,l}}, 
/3ev 

OG{0,1} 

or equivalently x = p(y; W) satisfies r pairs of the linear inequalities 
(6.21) 

k)<{yAi)+mi, for /3 = a« E Vn "f, 

\0<X/3<1, for/JeVV^-. 

We see that it depends on y whether p(y; W) is a vertex, or in other words, whether the 
solution of (|6.13p satisfies (|6.2ip . We will show in the next step that p(y;W) G W(y; W) 
implies y G where 

(6.22) n{y;W)= \J HpM- 

ae{0,l} 

Then for y € D \ Sj^^, we can uniquely determine the (n — r) hyperplanes on which the 
point p(y; W) lies; they are {W^.a^ (y)}7eA+\v- Therefore is an injection. 
For /? G V and a G {0, 1}, we define ff^^a : 2) ^ M by 

(6.23) fp,a : y ^ u(/3, a) ■ p(y; W) - v{f3, a; y). 
Then for y G 2) \ i^^, we have fp^a{y) 7^ and hence we define 

(6.24) / = (//3,a)/3e v,aG{o,i} : 3 \ ^ (M \ {0})^^ . 

Therefore for y G 2) \ the point p(y; W) is a vertex if and only if /(y) is an element 
of the connected component (0, oo)^''. Since each fp^a is continuous and hence f{D^'^^) is 
connected, we see that for a fixed W G W, the point p(y; W) is always a vertex, or never 
a vertex, on Thus 

(6.25) := '(Vert(P^,y)) cW (y G S)^'^)) 

has one-to-one correspondence with Vert('Pni,y) and is independent of y on D^'^\ 

(Step 3.) Now we prove the claim announced just before (|6.22p . First we show that the 
condition 

(6.26) p(y;W) G?^/3,,,(y) 

for some P = ai G V n ^ and 0^3 G {0, 1} implies y G For x = p(y; W), condition 
(j6.26p is equivalent to 

(6.27) ^ Xa{a^ = {y,Xl) +m - (lar 
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From (I6.13P and ()6.27p . we have an overdetermined system with the | V \ = k variables 
Xf3 for P \ and the \ V) U {ai}\ = {k + 1) equations 

(6.28) Yl 3;^(/9\A,) = (y,A,)+c,-, 

for j G J U {/}, where 
(6.29) 

Hence we have 
(6.30) 



m, — On 



7eA+\(*uv) 



-1) 



where we have put / = {ii, . . . and J = {ji, . . . ,jk}- As the consistency for these 
equations, we get 

(6-31) H{y; {f3^}iei, {^j}j(^ju{i}, {cj}jeJu{i}) = 0- 

By direct substitution, we see that each element of 

(6.32) {/?^ - q}f3ev\{ai} U {-q}, q= ^ Cj-aJ 

ieJu{/} 

satisfies (|6.31|) . while —q does not. In fact, if y = — g or y = — (7 (/3 G (Vn^)\{a/}), 
then the last row of the matrix is (0, . . . , 0), and if y = — q {(3i^ £ V \ ^'), then the 
last row is equal to the p-th row, and hence (j6.3ip follows, while if y = — then the 
last row of the matrix is (0, . . . , 0, 1) and hence 

(6.33) ^(y;{/3/he/,{A,},eju«,{9},eJu{/}) = det ((/?/, A,) )}|S / 0, 

because of (|6.14p . By (j6.15p . we see that V\{ai} C A is a linearly independent subset and 
hence (V\{ai}) G It follows that (j6.3ip represents the hyperplane -JDv^Xja,^} ~q 
Therefore ()6.26p implies y G 

Similarly we see that the condition p(y;W) G Ti-p^apiy) some /? = /?; G V \ and 

G {0, 1} yields a hyperplane contained in defined by 

(6.34) /7(y;{/3/W\{Z},{A,}jeJ,{t^,}jej) = 0, 
which passes through r points in general position 

(6.35) {/3V_^|^^^^^^^^U{-g}, 
where 

(6.36) q = djOij , 



(6.37) dj = nij — 



Y a^(7\A,-)GZ. 



7eA+\{*u(v\{A})) 

This completes the proof of our claim. 

(Step 4.) We have checked that on the vertices Vert('Pjn,y) neither increase nor 

decrease and are indexed by Wm- By numbering as {Wi, W2, . . .}, we denote Pi(y) = 
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p(y; Wj). We see that on D^'^\ the polytopes Vm,y keep (n — r)-dimensional or empty 
because each vertex is determmed by unique (n — r) hyperplanes. Assume that "Pm.y is 
not empty. Next we will show that the face poset structure of "Pm.y is independent of y 
on2)H. 

Fix yo G D^'^\ Consider a face J^{yo) of "Pm.yo and let 

(6.38) Vert(P^,yJn.F(yo) = {Pn(yo),...,Pi,(yo)}- 

Then by Proposition 12.81 there exists a subset = {(71, a^^), (72, a^^), . . .} C A+ x {0, 1} 
such that 1 = n — r — dim.F(yo) and 

(6.39) {Pn (yo ),•••, Pi, (yo )} c.F(yo) = Pm,yon f] w^,a,(yo). 

By the definition of Pi^ (yo)) • • • j Pi, (yo) (see (j6.12p ). we find that for (7, a^) G A_|_ x {0, 1}, 
the condition 

(6.40) {Pn(yo),...,Pi,(yo)} c 7^^,a,(yo) 

is equivalent to 

h 

(6.41) 7e n(^+\^^.)' a^ = (A,J^ = --- = (AiJ^, 

i=i 

where Wj^. = (Vj^. , Aj^. ) = {pi^ (yo)) ■ Hence each (7,a-y) G J'o satisfies (I6.4ip . Assume 
that there exists a pair (7' , Oy ) J^q satisfying (|6.4ip , Then 

(6.42) {Pn(yo),...,P.Jyo)} c n ^7.a.(yo), 

(7,17)6^0' 

where Jq = JqU {(7', a'y)}. Hence by (f2T9l) . we have 

(6.43) jr(yo) = Conv{pii(yo), . . . ,PiJyo)} C f] n^,a^{yo), 

and in particular, 

(6.44) Pn(yo)G n W^,a,(yo). 

Since (n — r) hyperplanes on which Pii(yo) lies are uniquely determined and their in- 
tersection consists of only Pii(yo), their normal vectors {u(7, a^)}(^ ^^-jg^" must be lin- 
early independent. It follows that the dimension of the right-hand side of ()6.43p is 
n — r — \ J'q\ < n — r — iJol = dimj'^(yo), which contradicts. Hence ()6.4ip is also a 
sufficient condition for (7,07) G J^o- 
By definition, we have 

(6.45) {Pii(y),...,Pi,(y)}c n ^7.a7(y), 

for ah y G D(^). Define 

(6.46) ^(y)=p^yn fl n^,a,{y). 

(7.17 )e Jo 
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Then {p^^ (y), . . . , p^^ (y)} C J^{y) and by Proposition 12.71 we see that J^{y) is a face. Fix 
another yi S 2!) Then by the argument at the beginning of this step, there exists a 
subset Ji C A_|_ X {0, 1} such that \Ji\ = n — r — dim.F(yi) and 

Vert(P„i,yi) n J^(yi) = {Pii (yi), • • • , Pi„ (yi), Pi„+i (yi), . . . , p»^, (yi)} 
(^•^^) cHyi) = r^,y.ri f| w^,a,(yi), 

with h' > h (because all of Pji(yi), • • • ,Pj^(yi) are vertices of .7^(yi), while so far we 
cannot exclude the possibility of the existence of other vertices on .7^(yi)). Since each 
(7, a^) G Ji satisfies 

h' 

(6.48) 7e n(^+\^b)' a^ = {M,)^ = --- = {M„)^, 

i=i 

which is equal to or stronger than condition (j6.4ip . we have Ji C Jq. On the other hand, 
by comparing (j6.46p and (|6.47p . we see that each (7,0^) G satisfies (|6.48p . As shown 
in the previous paragraph, condition (j6.48p is sufficient for (7,0^) G Ji, which implies 
Jo = J\ and hence dim.F(yi) = dim.F(yo). If h! > h, then (j6.48p implies 

(6.49) {pi, (yo), . . . , Pti, (yo), Pih+i (yo), • • • , Pi„, (yo)} C J^(yo), 

which contradicts to ()6.38p and hence h' = h. Therefore for all y G D^'^\ we see that all 
faces of T'm,y are determined at yo and are described in the form (j6.46p , and we have 

(6.50) Vert(P„,,y)n.F(y) = {pi,(y),...,Pi,(y)}. 

Assume that .^'(yo) C .^(yo) for faces .^'(yo), -^(yo) of 'Pm,yo- Then by ()2.19p . it is 
equivalent to 

(6.51) Vert(Pn,,yJ n .F'(yo) C Vert(Pn,,yJ n .F(yo). 

By applying we obtain an equivalent condition independent of y and hence J'^'(yi) C 
J-{yi). Therefore the face poset structure is indeed independent of y on D^'^\ 

(Step 5.) By Theorem 12. 4^ we have a triangulation of Vm,y with (n — r)-dimensional 
simplexes (Ti^m,y as 

(6.52) Vm,y = [J 0-«,m,y, 

1=1 

where L{in, y) is the number of the simplexes. From the previous step and by Remark 
12. 5t we see that this triangulation does not depend on y up to the order of simplexes, i.e., 

(6.53) {T(l,m,y),...,T(L(m,y),m,y)} 

is independent of y, where X(/,m, y) is the set of all indices of the vertices of cri^rn,y 
Reordering o"/^ni,y with respect to / if necessary, we assume that each 1(1, m) = T{1, m, y) 
is independent of y on D^'^\ Note that |X(/,m)| = n — r + 1. Let L(m) = L(m, y) if Pm,y 
is not empty, and L(m) = otherwise. 

By ()6.52p and Lemma 12.91 we find that the integral in the third expression of (j4.22p is 

(6.54) (n-r)! V Vol(ai,^,y) V = , , , 

ti .e^m) n.^mm) t* • (p.(y) - p,(y)) 
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where t* = (t* ) with t*^ = ta — X]i=i taiict^ i \)- We see that Vol((T;^m,y) is a polynomial 
function in y = {yiY-^i with rational coefficients and its total degree at most n — r on D^'^^ 
due to ()2.25p . because in Step 1 we have shown that Pi(y) depends on y affine- linearly. 
Therefore from (I4.22p . we have the generating function 

(n-r+l)E^i(m) 



/,(y)e' 



(6.55) ^(e,,;A)=(n^) E . 

which is valid for all y G where fj G Q [y] with its total degree at most n — r and 

Qj G Z [t, y], hj G Q [t, y] are of the form 

(6.56) 5j(t,y) = Y y) + 

G P, c„ G Z, 

aGA+ 

(6.57) /ij(t,y) = ^ ((V9a,y) + a(„)t„, G Q P, d^, G Q. 

aeA+ 

We see from (|6.55p that F(t,y; A) is meromorphically continued from C" x ©('^^ to the 
whole space C" x (C y), and that P(k,y; A) is analytically continued to a polynomial 
function in y = {yi)l^i with rational coefficients and its total degree at most |k| + n — r 
by ([i:^ and Lemma EIHl □ 

Theorem 6.3. The function P(k, y; A) is not real analytic in y on V unless P(k, y;A) 
is a constant. 

Proof. By Theorem 15.81 we see that for k G Nq , P(k, y; A) is a periodic function in y with 
its periods while by Theorem 16.21 P(k, y; A) is a polynomial function in y on some 
open region. Therefore such a polynomial expression cannot be extended to the whole 
space unless P(k, y; A) is a constant. This implies that there are some points on i^^, at 
which P(k, y; A) is not real analytic. □ 

The polynomials B^\y; A) may be regarded as (root-system theoretic) generalizations 
of Bernoulli polynomials. For instance, they possess the following property. 

Theorem 6.4. Assume that A is an irreducible root system and is not of type Ai. For 
k G N^, y G dD'-"^ and y' G d^D^"'^ with y = y' (mod Q^), we have 

(6.58) p(^)(y;A)=4^')(y';A). 

Proof. If y = y' , then the result follows from the continuity proved in Lemma 13.41 If 
y 7^ y', but y = y' (mod Q^), we also use the periodicity. □ 

This theorem also holds in the Ai case with k ^ 1 and can be regarded as a multiple 
analogue of the formula for the classical Bernoulli polynomials 

(6.59) Pfc(O) = Bk{l), 
for k ^ 1. Moreover the formula 

(6.60) Bk{l-y) = {-!)'' Bk{y) 

is well-known. In the rest of this section we will show the results analogous to the above 
formula for i?^'^^(y; A) (Theorem 16. 6p . and its vector- valued version (Theorem 16. 8p . The 
latter gives a finite dimensional representation of Weyl groups. In this framework, (I6.60p 
can be interpreted as an action of the Weyl group of type Ai (Example 17. ip . These results 
will not be used in the present paper, but we insert this topic because of its own interest. 
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Lemma 6.5. Fix w E Aut(A) and v & Z- Then there exist unique qw,u £ cmd k G Z 
such that 

(6.61) r(g^,^)u;2:)(^) = S^'^). 

Thus Aut(A) acts on 2 as w{v) = k. Moreover g^^^(j^) +vqw^u = qvw,u for v,w £ Aut(A). 



Proof. It can be easily seen from the definition (j6.ip that Sj^^ is VF-invariant. Therefore 
W acts on y \ Sj^t^g as homeomorphisms and a connected component is mapped to another 
one. 

Fix y G wD^'^\ There exists a unique q G such that < {T{q)y,Xj) < 1 for 1 < 
j < r, that is, g = — Yl^j=i '^j^'j ^ Q"^ ■> where aj = [(y, Xj)] is the integer part of (y, 
Denote this q by qw,u- Then '7"(q'^^;y)y G 'J^i'^) for some k G -J and thus T^q^^i/ 

Let w,w' G Aut(A). Assume 

(6.62) r(g)tt;D(^) = D^'^), T{q')w'^^'^'^ = ^^""'l T{q")w'w^'-^^ = ^^''"\ 
for g', q" G and z/, k, k' , k" G 5- Then we have 

^i^') = T(q')w'T(q)w^^''^ 

(6.63) ' ; ; ' ^ 

By the uniqueness, we have + w'q = q" and k' = k" . □ 
Theorem 6.6. For w G Aut(A), 

(6.64) i?(^)(r(g,-.,^(,))z.-V;A) = ( J] {-ir'")B^J^'''>\y; A). 

Proof. By Theorems 15.51 and 15.81 we have 

P(k, r(g^-i,^(^))u;- V; A) = P(k, u;" V; A) 

= ( n (-l)"'--^'^)^(^k,y;A) 

(6.65) "GA^,_i 

n (-l)~'^")P(^i;k,y;A), 

where we have used w~^A^-i = — A^^,. By (j6.6ip in Lemma 16.51 with replacing w, u by 
w~^, w{u) respectively, we have 

(6.66) r((?^-i,^(,))«;-iD(-(-»=DM. 

Hence y G implies T{q^~i ^^(^^^)w~'^y G Therefore we obtain 

(6.67) P(k, r(g^-i^^(^))u'"V; A) = -B^''^(r(g^-i,^(^))'u;"V; A), 

(6.68) P(k,y;A)=4"'(^))(y;A), 

by Theorem 16.21 The theorem of identity implies (|6.64|) □ 

Let be the Q -vector space of all vector- valued polynomial functions of the form 
/ = (/^)j,e3 : V RI^I with f^ G Q[y]. We define a linear map 0(w) : <p ^ *p for 
w G Aut(A) by 

(6-69) {(l){w)f)u{y) = fw-^{u){r{qw-\u)w'^y)- 

Theorem 6.7. The pair ((/>, ^) is a representation o/Aut(A). 
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Proof. For v,w £ Aut(A), we have 

(,4>{v)Hw)f)u{y) = {4>(.w)f)v-^u)(.T{qy-\u)v''^y) 

(6.70) = fw-iv-Hu)(.T{qi,-i^y-i(^^))w-^T{q^-i^^)v''^y) 

= f{vw)-^,y)i'r{qw-^,v-i{u)+W'\v-\u){vwy^y). 

Since by Lemma 16.51 we have qw-^,v-^{u) + ''^~^qv-^,u = obtain (f){vw) = 

4>{v)(l){w). , , , ^ 



Define B^''^ e «p for k G N[J and G 5 by 

(6.71) {^t\iy) = (BL^^)«(y; A) = 

and let 

(6.72) «(^= j;_QB[::')cq3, 

(k',i/')e(k,i/) 



if = K, 
otherwise, 



(6.73) 4>{w)B^^^ = ( n (-l)"'")Bik 



where (k, v) is an element of the orbit space (Ng x 3)/Aut(A). 

Theorem 6.8. The vector subspace ^(^T^y is a finite dimensional Aut{A) -invariant sub 
space and the action is 

Proof. If K = w{v)., then we have 

(0(w;)B^^)),(y; A) = B'^\T{q^-r.^^,~^)w-^y- A) 

(6.74) =(n(-ir'>2^"(^'^)' 

by Theorem 16.61 and otherwise 

(6.75) {^{w)^^^\{y)=Q. 

Thus we obtain (|6.73|) . □ 

7. Examples 

Example 7.1. The set of positive roots of type Ai consists of only one root ai. Hence we 
have A+ = = {ai} and 2p^ = a(. We set t = tai and y = (y, Ai). Then by Theorem 
14.51 we obtain the generating function F{t,y; Ai) as 

(7.1) F(t,y;^i) = ^e*^^>. 

e'- — 1 

Since 2) = {y | < y < 1} and ^ = {0}, we have S^^^g = and hence 23 \ S^ag consists of 
only one connected component S \ i^,^ = t) = Therefore we have 

(7.2) F«(t,y;Ai) = 4^ 

e^ — 1 

for y G S)^^-*, which coincides with the generating function of the classical Bernoulli polyno- 
mials. Since Z = {1}, we see that B[,^^(y; Ai) consists of only one component, that is, the 
classical Bernoulli polynomial Bk{y). The extended Weyl group Aut(A) is {id, o"i}. For 
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y G we have o"iy = — y and hence r(ay)(7iy = a^—y G D^^^ due to < (a^^— y, Ai) < 
1, which imphes that the action on Q [y] is given by ('/'(ci)/) (y) = /(^i — y)- Therefore 
we have the weU-known property 

(7.3) (<^(ai)B«)(y;^i) = 3^(1 - y) = {-ifBuiy) = (-l)X'^ (y; Ai). 

Example 7.2. In the root system of type we have A-|_ = {ai,a2)«i + ^2} and 
^ = {ai,a2}- Then 1% = A+ and from Lemma l6. II we have 

(7.4) ^.^^ = {Wat + 'Lai) U (Mag +Zai) U {W{aX + a^) + Zat). 
We see that 2) \ f),^ = U where 

(7.5) = {y I < y2 < yi < 1}, 

(7.6) = {y I < yi < 2/2 < 1}, 

with yi = (y, Ai) and y-z = (y, A2). Let ti = tg , , t2 = and is = tai+Qj. For y G D(^\ 
the vertices of the polytopes T'mi,m2,y (14.230 are given by 

0,y2 for PoAy 

(7.7) 2/2,2/1 forPo,i,y, 

yi,l for Pi^i^y. 

Then by Theorem 14.51 and Lemma \2.9\ we have 

(7.8) F«(t,y;^2) 

tit2t3e*i^i+*=^^2 



(e*i - l)(e*2 - l)(e*3 - 1) 

g(t3-tl-i2)?/2 _ ]^ ^ (|g(t3-tl-t2)yi _ g(t3-tl-t2)j/2^ 



UsT^ : — + e'(yi-2/2) 



{h-ti-t2)y2 {h - ti - t2){yi - y2) 

(pts-ti-t2 _ p{t3-tl-t2)yi\ 

+ e*i+*2(l-yi)^ ^ 



(t3-ti-i2)(i-yi) 



(gti -l)(et2 _i)(et3 _i)(t3_ti_t2) 

_|_ gi2^g(t3-*l-t2)yi _ g(i3-il-t2)y2-) _|_ gtl+t2^gt3-tl-i2 _ g(i3-il-t2)yi _ 

Hence by the Taylor expansion of (|7.8|) . we have 

^2S2(y; ^2) + ^(ym -vl- vD + ^^^(syiy' - 32/?2/2 + 2y?) 



(7.9) 



+ ^(-2yiy3 _ 3y2y2 ^ 4^3^^ _ ^ ^4) 

+ ^(-%iy2 + 10y?yi + lOyfyi - 15yty2 + 6yf ) 

+ - - ^y\yl + ^y\y2 - 2y? - 2^2')- 



44 YASUSHI KOMORI, KOHJI MATSUMOTO AND HIROFUMI TSUMURA 

Similarly we can calculate 52^22(^5 ^2) for y G which coincides with (17. 9p with yi 

and 1/2 exchanged. In the case y = 0, from Lemma 13.41 we have 

tit2t3e*i+*2(e*3-*i-*2 - 1) 



F(t:A, 



(eti_l)(et2_i)(et3_i)(t3_t, _t2) 



(^•10) = 1 + ^{tit2 - hh - t2h) + -^{ht2tl - tlt2h - htlh) 

by letting y ^ in ()7.8p . Therefore by Theorem 14.61 we recover Mordell's formula [24]: 

; {2■K^f^f 1 vr^ 



(7.11) C2(2,2,2;^2) = (-1) 

^ ' > , . 2; V ; 3, 3Q240 2835 

We also discuss the action of the extended Weyl group. Note that Aut(A) is generated 
by {c7i,c72,a;} where w is a unique element of such that uj / id, and hence ujai = 02 j 
cjAi = A2 and u;^ = id. Also note that ai = 2Ai — A2 and 02 = 2A2 — Ai. For y S S^^^ 
we have 

{aX + cJiy, Ai) = 1 + (y, (TiAi) = 1 + (y, Ai - ai) = 1 - yi + 2/2, 
{at + o-iy, A2) = (y, criA2) = (y, A2) = y2, 
which implies 

(7.13) < (ay + (Tiy, A2) < {a\ + aiy, Ai) < 1. 

Therefore we have T{a\)ai'i)^^^ = 'S)^'^^ and in a similar way uiS)^^^ = 2)^^^, and so on. 
Thus from (|6.69p we see that for / = (/i, 72) with /i, /2 G Q [y], the action of Aut(A) is 
given by 

(0(^i)/)(y) = (/i(«y + ^iy),/2(^iy)), 

(7.14) {<P{<y2)f){y) = (/i(c72y),/2(«^ + a2y)), 

(0(^)/)(y) = (/2(^y),/i(u;y)), 
or in terms of coordinates, 



(7.12) 



(0(o"i)/)(yi>y2) = (/i(i -yi + y2,y2),/2(-yi + y2,y2)), 

(7.15) (0(0-2 )/)(yi,y2) = (/i(yi,yi -y2),/2(yi,i + yi -^2)), 
i4>{^)f){yuy2) = (/2(y2,yi),/i(y2,yi))- 

Then for 

(7.16) B« 2(y;^2) = (i?g,2(y;^2),o), 

(7.17) B(|2(y;^2) = (o,i3g2(y;^2)), 

we have 







- 

'■'^2,2,2 - 


_p,(i) 

- ■'-'2,2,2' 


(7.18) 


(t){(72. 


m(i) - 
'■"2,2,2 - 


_p.{l) 
- ■'-'2,2,2' 






- 

'■'-'2,2,2 - 


- r(2) 

- ■'-'2,2,2- 
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More generally we can show 

(7-19) 4>{a2)B^l,,,k, = ^iLM^ 

Example 7.3. The set of positive roots of type C2{~ B2) consists of ai, 02, 2ai + 02 
and ai + a2. Let ti = tai, ^2 = ta2, ^3 = i2ai+a2 ^4 ~ ^ai+a2- ^he vertices 
{x2ai+a2,Xai+a2) of the polytopcs Pmi.ma in (|4-25p are given by 

(0,0), (0,1/2), (1,0) forPi,i, 

(0,1), (0,1/2), (1,0) forPi,2, 

^ ■ ^ (0,1), (1,1/2), (1,0) forP2,2, 

(0,1), (1,1/2), (1,1) forp2,3. 

Then by Lemmas 12.91 and 12.101 we obtain 
(7.21) 



1 + 7^^(2*1*2*1 - 4tit2*l - 2titlt3 + Ahtlu - 4titstl - Atitju 
zooU 

+ *i*2*3 ~ 4t^t2*4 ~ 4:tit^t4 — ^2*3*4 ~ 2^2*3*4 ~ 2t2*3*4) 

+ 241920 ('^^^^^^3^4 ~ 3*1*2*3*4 ~ 3*^*2*3*4 — 3*1*2*3*4 + 2*1*2*3 + 8*1*2*4 
+ 8*1*3*4 + 2*2*3*4) 



where 

(7.22) G(t;C2) 



e*3 2e^+^ e*i+*2 

+ 



(*1 + *2 - *3)(*1 - 2*3 + *4) (*1 + 2*2 - *4)(*1 - 2*3 + *4) (*1 + *2 " *3)(*1 + 2*2 " U) 

+ T-. :r. —TT. : + 



+ 



(*2 + *3 - *4)(*1 - 2*3 + *4) (*1 + 2*2 - *4)(*2 + *3 " *4) (*1 + 2*2 " *4)(*1 " 2*3 + U) 
2g^+*3 + -^ gtl+t2+i3 gtl+i4 

(*1 + 2*2 - *4)(*1 - 2*3 + U) ^ (*2 + *3 - *4)(*1 + 2*2 " U) ~ (*2 + *3 " *4) (*1 " 2*3 + *4) 
gi3+t4 2e"2"~'~*2+*3 + ^ gtl+t2+t4 



^ (*1 + *2 - *3)(*1 + 2*2 - *4) (*1 + 2*2 - *4)(*1 - 2*3 + U) ^ (*i + *2 - *3)(*1 " 2*3 + U) ' 

Therefore 



(7.23) C2(2,2,2,2;C72) = (-1) 



4(27rV^)8 1 vrS 



2! • 22 9676800 302400 ' 
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(7.24) 



CTy(2;C2) = 62 



vr 



vr 



302400 



8400 



Example 7.4. The set of positive roots of type consists of ai, 02, 03, 01 + 02, 02 + 03 

and ai + 02 + 03. Let ti = ta-^, t2 = ^021 ^3 — ^031 ^4 = iai+a2i ^5 — ^0:2+03 

^6 — ta\+a2+a-i- The Vertices (xq,j^-|_q,2, 2;Q.2+a3 5 -^0:1+02+03) the polytopes T^m\,m2,m3 in 
()4.25p are given by 



(0, 0, 0), (0, 0, 1), (0, 1, 0), (1,0, 0) for 7^1,1,1, 

(0,0,1), (0,1,0), (1,0,0), (1,1,0) forPi,2,i, 

(0,0,1), (0,1,0), (0,1,1), (1,1,0) forPi,2,2, 

(0,0,1), (1,0,0), (1,0,1), (1,1,0) forp2,2,i, 

(0,0,1), (0,1,1), (1,0,1), (1,1,0) for 7^2,2,2, 

(0,1,1), (1,0,1), (1,1,0), (1,1,1) forp2,3,2. 



Then by Lemmas 12.91 and 12.101 we obtain 



(7.26) 




23 



t\t^t\t\t\tl + • • • , 



1 + --- + 



435891456000 
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where 

(7.27) G(t;^3) 



(tl +t2- UXh -t3-U + t5){t3 +t4- h) {t2 +t3- h^h - h - U + h){ti + is - tg) 



+ 



{h +t2 + t3- t6)it3 + U- t6)(il +t5- te) {h +t2- U){t2 + h - t5){ti + t2 + h - tg) 

gt4+t5 gi2+t3+t4 



(ti + 12 - t4)(i2 + is - i5)(i2 - U - is + ^e) (^2 + is - t5)(ii - - ^4 + ts)^ + ^4 - ie) 
+ 7^ : r^T^ : : —rr. : + 



{h +t2- U){ti -t3-U + t5){ti +t5- te) {ts + t4- te){ti +t5- te){t2 -U-t^ + to) 

gt3+i4+t5 gts+^S 

+ 



(tl +t2- U){t3 +U- te){t2 -U-t5 + te) {t2 +t3- h){ti +t2+t3- tG){t3 + U - tg) 

gtl+t2+t3+i5 gt2+t3+t6 

+ 



(tl +t2- U){ti +t2 + t3- t6){ti + is - te) {t2 +t3- t5){ti + - te){t2 - U - h + tg) 
gil+i4+t5 gt4+t6 

+ 



{t2 +t3- t5){tl +h- te){t2 + tg) {h +t2- U){ti +t2+t3- tg)!*! + ^5 " ^e) 

+ 



gtl+t2+t3+i4 gtl+t2+t6 



(^2 + ts - t5){h +t2 + t3- te){t3 +U- te) (ti +t2- U)it3 +U- t(i){t2 - ^4 - ^5 + 

gtl+t3+t4+t5 gt3+t4+t6 



(ti +t5- te){t2 -U-t5+ te){t3 + U- te) {h +t2- U)iti - ts - ^4 + ^s)!*! + ^5 - te) 

gii+ts+te gii+t2+t3+i6 
+ — — : : —TT. : + 



(^2 + ^3 - t5){ti -t3-U+ t5)(t3 + t4 - {h + t2 - U)it2 + ts - t5){t2 - U - + tg) 

gt4+i5+t6 gtl+i2+t3+t4+t5 



+ 



{ti +t2- U){t2 +t3- t5){ti +t2+t3- tg) (ti +t2 + t3- tg)(t3 + t4 - te){ti + ^5 - tg) 

+ 



^2+t3+ti+Ui gtl+<2+t5+*6 



(t2 + ts - t5)(ii - is - t4 + h){ti +h- te) {h +t2- U){ti -t3-U + t^){t3 + U- U) ' 
Therefore we obtain 

(7.28) Cs(2,2,2,2,2,2;A3) = (_i)6 (^^^Z^)'" = ^12 

^ ^ ssv s; V J 4, 435891456000 2554051500 

which imphes a formula of Gunnells-Sczech [4]: 

(7.29) Cvk(2; vis) = 12' vri2 = ^ 

^ ^ swv > sy 2554051500 70945875 

In higher rank root systems, generating functions are more involved, since the polytopes 
are not simplicial any longer. For instance, we have the generating function of type G2, A4, 
B3 and C3 with 1010 terms, 5040 terms, 19908 terms and 20916 terms respectively by use 
of triangulation. In [14], we will improve Theorem 14.51 and will give more compact forms 
of the generating functions -F(t,y; A), which do not depend on simplicial decompositions. 
As a result, the numbers of terms in the above generating functions reduce to 15, 125, 68 
and 68 respectively (as for the G2 case, see [13]). 

Example 7.5. In Theorem 14.31 we have already given general forms of functional rela- 
tions among zeta- functions of root systems. In previous examples we observed generating 
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functions and special values in several cases, but here, we treat examples of explicit func- 
tional relations which can be deduced from the general forms. First consider the A2 case 
(see Example I7.2p . Set 

A+ = A+(^2) = {«!, 02, «! + "2}, 

and y = 0, s = (2, s, 2) for s G C with 5Rs > 1, / = {2}, that is, A/+ = {02}. Then, from 
()4.6|) . we can write the left-hand side of ()4.1ip as 

00 ^ 00 J 

5(s,y;/;A)= ^ ^ + ^ 



= 2C2(2,s,2;A2) + C2(2,2,s;^2). 

On the other hand, the right-hand side of ()4.11|) is 

\2\ 2 00 „i 



/(2vr^\ ^ 1 f ,-2.V-T™.^^(^^o)^^(_^^o),^ 

^ ■ ^ m=l -"^ 



(2vr^AT)2y Y^l_ l' e-2-V-T™.^^(^)^^(i _ ^^^^^ 

/ fr'i Jo 



2! 

' m=l 

by using ()4.17p . From well-known properties of Bernoulli polynomials, we can calculate 
the above integral (for details, see Nakamura [25]) and can recover from (|4.1ip the formula 

(7.30) 2C2(2, s, 2; A^) + (2(2, 2, s; A2) = 4C(2)C(s + 2) - 6C(s + 4), 

proved in [33] (see also [25]). The function (^2(s;^2) can be continued meromorphically to 
the whole space ( [17]), so (f730|) holds for any s e C except for singularities on the both 
sides. In particular when s = 2, we obtain (j7.1ip . Similarly we can treat the C2(— B2) case 
and give some functional relations from (j4.1ip by combining the meromorphic continuation 
of C2(s; C2) which has been shown in [18]. 
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